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PREFACE. 



It is hoped that the present work may meet the require- 
ents of two classes of students. It is intended ou the one 
hand to supply a clear account, complete as far as it goea, of 
the principles on which the calculation of the motion of 
a rigid body is conducted, for students who have not sufficient 
time to master the larger treatises already published on the 
subject. In addition, the writer's experience has shewn him ■ 
that, in the case of students of a different class, the study of 
such a work as the present often foims a good preparation for 
an acquaintance with works which take a wider and deeper 
range. 

The chief difficulty experienced has been that of selec- 
tion, from a lai^e mass of propositions, of those which were 
proper to be included as of most importance. Stress has 
mainly been laid upon the clear enunciation of general 
principles, without a full perception of which there is sure to 
be confusion : wljile less importance has been attached to 
Special artifices for the solution of particular problems. 

The author desires to express his thanks to several 
&iends, and especially to his colleague Professor A. S. 
Herschel, for assistance in correcting proofs and for many 
valuable hints : and will be grateful to any of his readers who 
will inform him of errors^ or suggest improvements. 



I CoLLBOS or Science, 

NBWCASTLB- C PON-TlNl , 

March, 1662. 
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1. The motion of a point in space is determined by 
means of the charges in the co-ordinates whicli at any instant 
determine its position. If its conardinatea referred to three 
fised rectangular axes be x, y, z] the velocities of the 

particle resolved parallel to these axes are , , -Jr, -t- 

respectively ; and the accelerations in the same directions are 
rfa (fy (Tz ,. , 

' If' S? re'Port'"')'- 

Hence to determine completely the motion of a point in 
space three quantities requite to be completely known ia 
terms of tlie time. 

2. If the motion of tke particle be confined to one plane, 
tico quantities are sutHcient. If the position of the particle 
be determined by rectangular co-ordinates x, y, its velocities 

^garallel to these respectively are -, , ~r. > and its accelera- 

' -rt> -A • If the position 
at ar 
t determined by polar co-ordinates r, $, tlie velocities of 
i particle along and perpeudicidar to the radius vector arc 

1 



in the e 




i directions are -sr, , 



KINEMATICS. 



~ j2, respectively ; aud i 



\ directions are 



de 



accelerations in the : 
1 d I 



[dt) ^'"^TdlV dt) 



If B=f{<f>) be the intrinsic equation of the path of3 
I the particle, the velocity is entirely along the tangent,! 
f . ds I 

I and is measured by , while the accelerations along thai 



df 



d's 



ds dip 

dt ' di '■ 



tangent and normal are measured by -v-. and -; 
\ -^ dt' >}■■ 

I respectively. The latter is usually expressed : 

B — ( ji J where p is the radius of curvature of the curve at the I 

I'point considered, aud is equal to -77 ■ 

If a point be moving in a circle round the origio so that I 

I T is constant and -37 therefore vanishes, the velocity of th^ J 

I particle is entirely perpendicular to the radius vector, and is I 

\ measured by r — , or rw, if en denote the angular velocity at 
I _ ■" «( ' ° ^ 

|- the instant. 

The resolved parts of this velocity parallel to tlie axes of 
I* and y are —yai and +xtii respectively, if w denote a rotation 
I from Ox to Oy. 

All the preceding results are to be found in the ordinary I 
I treatises on Dynamics of a particle, 

3, The motion of a straight rod is completely determined J 
if we know at any time the position of a given point on the J 
rod, and the direction of the line of the rod in relatioiij 
to certain fixed directions. If the motion be confined to onft^ 
plane, this will require the determination of three things, viz, f 
\ the co-ordinates x, y of the fixed point, and the inclination B 1 
of the line to Ox, in terms of (, the time. The rate of change 

I of this latter quantity, measured by -,- , is called the angulai 

I velocity of the line in the plane, 
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It is obvious that the motion of a plane figure of any kind 
in its own plane, is completely determined if we know that of 
any one line in it, and therefore requires three qnantitiea for 
its detennt nation. 

If «, V be the velocitiea of a given point in the plane 
figure parallel to the axes, and x,y be the co-onlinates of any 
point in the figure relative to this point as origin, the 
velocities of the second point parallel to the axes will ' 
be « — ym, V + xw, where m is the angular velocity of the body 
round the given point. 

If a point be found such that these expressions vanish, 
that point is instantaneously at rest. Its co-ordinates are 

— , — , and if these be called a. /S, the velocities of any 

other point parallel to the axes are, by substitution of /Sm and 

— 0(0 for u and v, — (7/ — ^) to and (x — a) to. These expres- 
sions shew that the motion is instantaneously one of rotation 
about the point {a, ^) which is therefore called the centre of 
instantaneous rotation. 

The position of this point can be geometrically determined 
if we know the directions of motion of any two points of 
the body, for it will evidently be the point of intersection 
of the lines drawn from these points in directions at right 
igles to those of their motion. 

If the motion of tho rod be not confined to one plane, 
'ftree quantities will determine the motion of the fixed point, 
and three more the direction of the line relative to the 
co-ordioate axes. These latter three are however connected 
by the well-known relation between the direction -cosines of 
ly straight line, and consequently the total number of 
itities to be found is five. 

It is evident that the position of a rigid body of 
any given form is completely known if we know the 
positions of any three points of the body which do not 
lie in a straight line. This will require the determination 
of the nine co-ordinates of the three points, As however 
these nine co-ordinates are connected by three relations, 
obtEuned from the consideration that the distances between 



I 



^^1 
^*«i. 



■nf 




w 



the points are given, there remain six independent quantities. 1 
Thus six conditions are required in order to determiaol 
completely the most general motion of a single rigid body. 

6. Let {x, y, z) be the co-ordinates of any point ofj 
l-ttie body ; (a, ,3, 7) those of another point on the body, I 
I and f, 11, j" the co-ordinates of the first point relative to axe» I 
I through the second parallel to the original co-ordinate axes. 

Therefore x=a + ^, y—^-\-'rj, 5=7 + ir; 

m^ dx dj d^ dy d8 dij dz _d^ d^ 

Silence ^ - j( + ^ ■ di^~dt "** d( ' di~ di'^dt ' 

Hence the velocity of {x, y, z) in any direction ia equal to I 
I the sum of the velocities of (a, ^, 7), and of {x, y, z) relative I 
f to (a, ^, 7), in that direction. 

I To investigate the motion of a rigid body, we may ' 
I therefore investigate the motion of any given point in it, 
I and add the motion of the body relative to that point. 

7. Let then (a, ^, 7) be taken as origin, and let x, y', /^ I 
be the co-ordinates of the point {^, jj, i) referred to axes fixed) 3 

\ in the body and moving with it. 

Let (i,, m„ nj, {l^, m^, w,), (I m^, tig) be the direction- * 
I cosines of the axes of w', y', z with respect to those of I 
I f, 17, f. Then by the author's Solid Geometry, Art, 44, 

f = l,x' + 1^' + \z, m' = Z,? + ift,7 -I- nX, 

1} = m^a- + m^y' + m/, y' = l^ + m^ -I- n^t,, 
%= n^sf -1- n^' + n^', z = /,| -)- m^-r) -)- n^, 
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But (Solid Geometry, Art. 44) we have 
',' + '.' +'.' =1...(1) m,n, + m,«,4>n,ii,-0...(l) 

'»,' + '»," + "i,'=l...(2) "A +»,',+».'. -0...(5) 

n,' + >i,' +< -l...(3) ',»', + 1,™, + !.'». -0...(6). 

Difiereatiating these equatioDS we get 
dl. 



1 I*, 
'•di' 



-^t-. 



and two simitar relations from (2) and (3) ; and also 
dn, dn„ dn, [ dm, dm, dm, 

"' IS +"■• 15 +"''3i =-(,»■ -<!(+"■* 

with two similar relations from (5) and (6). 
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If we agree to denote the value of each side of the 
,tion (7) by the symbol w^ and denote the corresponding 



xpressions n, 
jy the symbols 

1 


dt 


'■dt^'-df 
„ we shall obtain 


r 







<^1 



' dt 



The three quantities w^. &>,, ai, evidently depend on the 
change of position of the axes fixed in the body, relatively to 
axes fixed in space, that is on the motion of the body 
considered as a whole. We shall be able presently to give 
.them a more definite geometrical meaning. The equations 
(8) thus determine the velocity of each particle in terras of 
the general motion of the body. 

If «, V, w be the velocities of the point (a, yS, 7) 
rallel to the co-ordinate axes, the whole velocities of the 
point (a;, y, z) are obtained by adding w, v, w to the values of 
d^ dr, df 
dt' df dt 



respectively ; thus we have 
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dt 
dy 



= v + 0), (a? - a) - c»^ (2? ~ 7), 



dt 

dz 

_ = w; + a>^(y-/S)-a>^(x-a). 

The motion of every point of the body is therefore 
completely determined if u, v, w, co^, to^, a>, be known. 

9. Returning now to the consideration and interpreta- 
tion of the equations (8) of Article 7, let us suppose a 
straight line through the point (a, ^, 7) of the body taken as 
origin, whose equations are 



(1). 



X y _ z 

The square of the length of the perpendicular on this 
line from a point (f, 17, f) is (Solid Geometry, Art. 28,) 

f +17+^ - a>/ + < + a>/ 

or if V represent the resultant velocity of the particle at 
(?> 17, ?), and we represent 6>/ + a>y' + o)/ by ft^ the square of 

the perpendicular becomes -^^ . 

If we call this perpendicular ji?, we have therefore 

F=pn (2). 

Again the direction-cosines of the line of motion of the 

particle (^, 17, f) are proportional io ~ , — , -^ 

From equations (8) of Art. 7 we can deduce the two 
following relations : 

^-dt'^'^'dt^^-dr^^ 

df , dri d^ n, 
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that the line of motion of the partiele (f , ij, f) 



is perpendicular to the line ^ = - = ^ and alao to the line 

(1), and therefore is perpendicular to the plane containing 
them lioth, that is to the plane passing through the line 
(1) and the point {f, i}, f). 

Hence the inatantaneoua velocity of the point (f, 17, f) is 

ctly the same as if it were moving in a circle whose radius 
p with angular velocity II, 

The motion of the whole body is therefore at any inntant 
represented by a rotation round the line (1) with an angular 
velocity fl. 

It IB perhaps unnecessary to remark that as «„ <u^, w, 
probably change from instant to instant, both the direction of 
the line (1) and the angular velocity round it change also. 

The line (1) is called the instantaneous axis through the 
t (fl, /S, 7). 

10. If at any moment it happens that m, and co, both 
vanish, the instantaneous axis coincides with the axis of x 
and the angular velocity round it becomes 01,. The values of 
the velocities of the particle (f, 7), f) parallel to the axes of 
X, y, z become in that case by equations (8) of Art. 7 
respectively 0, — aX '^^'^ '".''■ '^''^ velocities produced by an 
angular velocity w, round the axis of y would similarly be 
tj;, 0, — w,f parallel to Ox, Off, Oz respectively ; and those 

lucod by an angular velocity m, round the axis of ^ would 

larly be — w,^, (o,f, 0. 

Comparing these results with equations (8) of Art. 7 we 
see that the actual velocities of the particle are the alge- 
braical sum of those which would be produced separately by 
the separate angular velocities to^ 01^, o), round the three axes 
of x, y, and s, which may therefore be regarded as the resolved 

' of n in the directions of those axes. 

[, It will be evident from the results of the last 
iele that a, represents an angular velocity round the axis 
K from Oy towards Oz, for, supposing »;, f to be positive, 
h a rotation will give a positive linear velocity of the par- 



^Kimil 



V 
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tide parallel to Oz, and a negative one parallel to Oy. Simi- 
larly o)^ denotes a rotation round 0>/ from Oz to Ox, and m, a 
rotation round Oz from Ox to Oy. All these rotations are 
efltimated aa positive when the couple which would tend to 
produce them would be positive according to the ordinary 
statical convention. 

If then we measure off on any line a length representing 

tte magnitude of the angular velocity round that line, this 

t length will completely represent the rotation in every respect, 

I the axis of rotation, the velocity of rotation, and the sense in 

1 which the body rotates round that axis. 

The result obtained in Art. 10 can now be enunci- 
[ ated in the following manner. 

If there be simultaneously impressed on a body angular 

\ velocities represented by three straight lines mutually at 

* right angles, the resultant motion is an angular velocity 

represented by that diagonal of the parallelepiped of which 

these three lines are edges, which passes through their point 

of intersection. 

13. The proposition of the last Article may be replaced 
by the following, which may be called " the parallelogram of 
angular velocities" and may he enunciated thus : 

If two angular velocities represented by two straight 
lines be simultaneously impressed on a body, the resultant 
motion will be an angular velocity represented by the 
diagonal of the parallelogram of which those lines are adjacent 
aides. 
I The following geometrical proof can be given : 

Let OA, OB represent the angular velocities, and let 00 ! 
be the diagonal of the parallelogram OACB. 

Let P bo any point on the body, and let PQ he drawn 
perpendicular to the plane OA GB, to meet it in Q. From 
Q draw perpendiculars QH. QK, QL on OA, GB and 00. 
Join PB, PK, PL. These are perpendicular to OA. OB, 00 
respectively. 

Owing to the angular velocity OA, P has a linear velocity 
OA . PH in the plane PHQ perpendicular to PE. This may I 
be resolved into velocities, 0..4 . Q// along P ^ and OA.PQ'l 
pai'allel to HQ. 



I 
I 
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Owing to the angiUar velocity OB, P has similarly linear 
Telocities OB . QK along QP and OB . PQ parallel to QK. 

The whole velocity of P along QP is therefore represented 
by OB. QK—OA . QU which, by the same proof as that 
given in treatises on elementary Statics on the subject of 
momeuts, is equal to OC . QL. 




The velocities OA . PQ and OB . PQ along HQ, QK re- 
spectively are similarly replaceable by a single velocity 
00. PQ along QL, since HQ, QL, QK contains the same 
angles as OA, OC, OB. 

Hence the resultant velocity of P is OC.PQ along QL 
and OC.QL, along QP which make up a single velocity 
00. PL perpendicular to PL in the plane PQL, that is the 
motion is an augular velocity represented by OC in all 
respects. 

li. It follows that all the known results about the 
composition and resolution of forces or velocities apply 
equally to the composition and resolution of angular ve- 



la. If the point (a, /S, 7) have velocities u, v, w parallel 
to the axes, the velocities of any particle of the body in these 
directions are by Art, 8 



I 



.+a-,t-»,f 
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It follows from the analogy of these formulse with those 
giving; the momenta of a system of forces round axes parallel 
to those of X, y, z (Todhunter'a Analytical Statics, Chapter 
VII.) that all the results relating to the central axis and 
other properties of the system of forces have their analogues- 
in the present subject. 

For instance, if there be one point whose instantaneous 
velocity is zero there will be a straight line which is instan- 
taneously at rest. The condition for this ia 

u«, + vf^, + wo,=0 (2). 

In this case the motion is, for the instant, one of rotation 
round an axis whose equations are obtained by equating any 
two of the quantities in (1) to zero. 

Whether the condition (2) be fulfilled or no, the linear 
velocity of all points in the straight line given by the 
equations, 

^% in tbe direction of this line and is less than that of all pbiata 
outside it. The linear velocity of all points on the surface of 
arightcircularcylinderof which this hne is the axis and whose 
radius is c exceeds that of points on the axis by the same 
quantity, so that if the two velocities be v and «', 

I i,'= = t,» + c'K= + < + 0. 

■ 16. Any number of simultaneous rotations round inter- 
secting axes can thus be replaced by a rotation round a single 
axis. Two simultaneous rotations round parallel axes will in 
general bo equivalent to a rotation round a single axis parallel 
to them. The following geometrical proof may be given. 

The motion of each particle is evidently in a plane per^ 
pendicular to tbe two axes. Let P be any particle, let the' 
piano of the paper be the plane of motion and A, B the 
points in which the two axes of rotation cut this plane. Let 
o>,, to, be the angular velocities round these axes. Then the 
rotation round A produces in P a linear velocity AP. w, per- 
pendicular to AP; the rotation round B similarly produces 
, velocity BP . w, perpendicular to PB. If PN be drawn 
rom P perpendicular on AB, these two velocities will give a 
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component (w, + wj . PN parallel to AB and w, . AN'+ w, . BN 
parallel to FN. If we take a point G between A and B, such 
that AG. a>, = B6'.(i)j the latter component will be replaced 
by CA". ((ii, + wj. Hence the resultant velocity of P is 
CP . (ai, + (uj perpendicular to GP. Tliat is, the motion of P , 
is exactly that which would be produced by an angular velocity 
(ot, + a>,) round an asia through C parallel to either of the I 
original o 





pro 



If the two angular velocities be of opposite signs, the 
resultant angular velocity will be the difference of the two 
original ones, and the point C will be in the straight tine AB 
produced, at a point such that AG. a, = BC . Wj. 

17. If the two opposite angular velocities are equal, the 
isar velocity of P parallel to AB, which is expressed by 

(», — M,) PN^, vanishes. The linear velocity perpendicular to 
AB is w, . AN- M, . BN or w, . AB. As this is the same for 
every particle, the motion of tbe body is in that ease one of 
simple translation perpendicular to AB. 

We may again call attention to the analogy of these 
lulta with those with which the student is already familiar 
Statics, angular velocities corresponding to forces, and ve- 
lities of translation to couples. 

18. The accelerations of any particle of the body parallel 
9 the axes can be obtained by differentiating the expresaions 
') of Art. 15 with respect to ( and using the equationa 

JS) of Art 7. The acceleration parallel to Ox is thus 
d^ dat^ y fir} ih 



du 



; + . 



'di dt 



■ i- 



•dt 



~v- 



dt ' 



,- + »,(.,,-«,S-.,W-».0 + J- 
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«.(w.^ + f^.O-K + ™ 



The accelerations parallel tn Oy and O2 can be similarly \ 
f" deduced. 

19. We have now seen that the velocities and accelera- 
I tions of every point of a rigid body can be determined if 
I -we know m, v, w, m„ w,, w,. The determination of these six 
^quantities, when the external forces which act on the different 
1 Jjarticles of the body are known, is the problem which we j 
I .nave to cope with in the remaining chapters of this book. 



EXAMPLES. CHAFl'ER I. 

A body has angular velocities represented by a>, — 2<a,i 
|.3(» round the three co-oidinate axes; find tho resultanbl 

I angular velocity. 

' 2. Show that an angular velocity w round any axis may 1 
be replaced by an equal angular velocity round any parallel I 
axis at a distance p from the former, together with a motion 1 
of translation, of magnitude pw, perpendicular to the plano-1 
containing the two axes. 

3. Explain what is meant by a couple of rotatory J 
motion; show that such is equivalent to a single motion of J 
translation. Hence show that the motion of a rigid body I 
raay be represented in an infinite number of ways by rota- 
tions about two axes. 

4. Show that eveiy motion of a rigid body can bo I 
represented by a rotation round some axis and a motion of I 
translation along the same axis. 



EXAMPLES. CHAPTER I. 13 

5. A lamina moves in its own plane so that a point fixed 
in it lies on a straight line fixed in the plane, and that a 
straight line fixed in it always passes through a point fixed 
in the plane ; the distances from each point to each line 
being equal. Prove that the motion may be completely 
represented by a parabola fixed in the lamina rolling upon a 
parabola fixed in the plane. 

• 6. A straight rod moves in any manner in a plane ; 
prove that, at any instant, the directions of motion of all its 
particles are tangents to a parabola. 

7. A cube has equal angular velocities imparted to it 
about three edges mutually at right angles which do not 
meet. Find the resultant velocity of its centre, and show 
whether the motion is capable of being represented by a 
single rotation. 

• 8. If the angular velocities, at any time ty about the 
axes of X, y, z, are proportional respectively to cot (m — n) t, 
cot {n — ljt and cot (Z — m) t, determine the locus of the 
instantaneous axis. 

9. A rod moves with its extremities on two intersecting 
lines. Find the direction of motion of any point. If the two 
lines do not intersect but are at right angles to each other, 
examine whether the motion can be represented by a single 
rotation. 



m 



CHAPTER II. 

d'alemdert's principle. 

The second law of motion tells ua that chaoge ol 
1 motion in a particle is proportional to, and is in tlie directioa I 
(:of, the impressed force. 

be the acceleration of a particle resolved in any 1 

^direction, m the mass of the particle, and P the external f 

force, measured in pounds or any other unit, acting on the 1 

particle in the same direction ; it only rcquirea the units of I 

mass and force to be properly chosen to give as the result of I 

the second law of motion the equation 

ma = P. 

Writing this equation in the form 

P-ms^O 

if we agree to give to jna the name of " the moving, or effec- 1 
tive force" on the particle in the direction considered, we 
can express this result verbally iu the statement that sup- 
posing a force equal and opposite to the " effective or moving j 
force " were applied to the particle, this would form with the ■! 
actual impressed forces, a system in equilibrium. 

21. The principle commonly known as D'Alembert's 

•Principle extends this theorem to the case of any number of 
'■particles mutually acting and reacting, whether they form i 
what is called a rigid body, a flexible or fluid mass, or a 
discontinuous system of particles. 

For any such system we have the law, that the whole set I 

of external impressed forces acting on the body, with a set of | 

tfiditious forces equal to the several "moving" or "effective | 
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Rrees " on the several partielea of the system reversed, would 
form a system of forces in equihbrium. 

This statement is equivalent to the assumption which 
may he regarded as an extension of Newtnu'a third law of 
motion, that all the mutual actions and reactions between 
the particles of the body form a system iu equilibrium. 

For let P he the resultant external force acting on any 
particle, R the resultant of all the actions of the other 
particles on this one ; in its mass and a its resnltant accelera- 
tion. Then the resultant of P and R is mi, or P. R and 
— ma will be in equilibrium. This being true for each 
particle, the whole set of forces P, the whole set of forces R, 
and the whole set of reversed effective forces are in equi- 
librium. If then the set of forces R be separately in 
equilibrium, it follows that the set of forces P would be 
in equilibrium with the set of all tlie counter- effective, or 
effective forces. 

22. The student must bear in mind that the reversed, or 
counter-effective forces are not actually existent but merely 
hypothetical ouautities which, if introduced, would produce 
equilibrium. Thus every problem of motion is reduced to one 
of equilibrium between actual and hypothetical forces. 

23. We are now able to write down the equations of 
motion of any system of particles, provided we know the 
foi-ces which act on each of them. 

Let 3^, y, z be the co-anlinates of any particle of mass m ; 
the effective fi)rces on this particle parallel to the axes of 

iPx d^y d'3 ,. , 

X, y, z ai'C m -j-j > "' 77^ i "^ ^yS respectively. 

Consequently, if m^, inY, ?ii^ represent the components 
of the esteiTial force acting on the same particle in the same 
directions, the system of forces 



I 



-?)."(''-S)-(^ 



acting at {m. y, z) ; and similar forces acting on the other 
particles of the body form a system in equilibrium. 

The six conditions for this are (Todhunter's Analytical 
Statics, Art. 73), 
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-S) 



Sm< 



dfl 



0, 



wtere the symbol S indicates summation for all the different J 
particles of the body considered, and will therefore in thftj 
case of a continuous body represent a process of integration. 
These equations can he written 



Sni-Tj=2)»X; Sj 



■de 



.-fy- 



Y; i,n% = tmZ...{l). 



.^^ 



' df • dl 



'^.\ = L; 



df 
d^n] 

'lei 



<M; 



■where L, M, N represeot the moments of the impressed 1 
external forces round the axes of x, y, and 2 respectively. 

24. The solution of these equations can only he at- ' 
' tempted when the accelerations of the separate particles 

have been expressed in terms of the six quantities by which 
we have seen that the motion of the body as a whole is 

, determined. We will however deduce from them in their 

r present shape two very important laws. 

(1) The equations which give the motion of the centre of 
inertia of any body or system of bodies are tfie same as if the 
whole mass considered were collected at tlie centre of ineitia , 
and acted on there by forces equal and parallel to all those 
which act on the system. 

(2) The equations which give the motion of a rigid body 
relative to its centre of inertia are the same as if the latter 
were a fixed point. 

25. In order to prove the above principles let us suppose 
S, ^, s to be the co-ordinates of the centre of inertia of the 



^^DOdj 
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\j under consideration. Let x', y", z be the co-ordinates 
of tlie particle {x, y, z) relative to axes thrgugh {x, y, z) 
parallel to the original axes, 



hence a 

aud 

But x% {m) ^ 
t herefore 

^^M Similarly 

^^k Also 

similarly 
and 



= x + x, y = y + y, z = z + z, 

%mx = SttiS + Sma:', ^•"■ 

= X . %m + %vix', 
SmJ; by a well-known statical theorem, 

2»iy' = 0, 2m./ = 0. 



(fa; _ d*J! , 
(Pic 



•, tm 



de ' 



..(3), 



. .i.m 



df 

in 
df' 



• %mX, 
-tmY, 



whioh prove the first principle. 

Also the first of equations (2) of Art. 23 becomes 



1® + ='')©^ 



-3 + 'H3? + */, 

~im.{IS^fjZ-{i+z')Y\. 



Jiich by means of the results in (3) and (4) easily gives 
,rf2' ,d'y'\ 



2m J 



i]=Smtf2-/r) (5), 



1 this with two E 
wo of (2) in Art. 2 



tnilar equations deduced from the other 
gives the second principle. 



l<a. It follows from equations (4) of the laat Article that 
' if a system of particles be acted on only by their mutual 
actions and reactions, the centre of inertia of the system 
either is at reat or moves uniformly in a straight line. 
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For in 


this 


case SmZ - 0, tm ¥<- 0, ZmZ- 0, 


therefore 




<l^^-r, <l^-o ■'■^-0 
df-"' df-"' dt--"- 


and 




dx dy dS 
di"' 'di'''' dt'"' 


where a, b, 


c an 


3 constants. Hence the velocity of the cen 



1 



of inertia is constant both in direction and magnitude. 

27. In the case of finite forces the equations (1) and (2) 
of Art. 23 caflnot be integrated directly. 

If however the forces acting be enormously great but 
only act for aa es-ceedingly short interval t, so that the 
values of x, y, z may be supposed to remain sensibly un- 
altered during the time t, we can integrate with respect to t 
during that interval. This is the case ordinarily known as 
that of impulsive forces, ^m 

28. If mX be the force acting on any particle of mass t)V^| 

for the interval t, we give to the quantity I mXdt the 

name of impulse. It really represents the whole momentum 
which would be produced in a free mass m by the force X 
acting for an interval t. We shall denote this by the symbol 

X', and similarly ( mTdt, I mZdt will be denoted by the 

symbols Y,Z'. ' 

Let u, V, w be the velocities of the particle (x, y, z) 
parallel to the axes at the beginning of the time t ; u', v', w' 
the values of the same quantities at the end of that 
interval, 

Therefore I ,.dt = u'—u, 
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I Whence the equations (1) and (2) when integrated give 
■s.m (»' - k) = tr, Sm („'-»)= s F, &» (»■ - ») = iz; 
imb(i»'-i»)-»(»'- ^)]=t{Z;j - ri)l 
1m {z (»'-«) -it(<»'-io'))= S (X'«- .?») ^ ...(1). 
Sm i^ (.'-.) -3,(.'-,.)l-j;(y«-zV)) 

If u, V, w; «*, v, vf, be the velocities of the centre 
of inertia before and ttfter the impulses, we easily get from 
(3) of Art. 25 

{u--u)t{m)=%{m{u-~u)], 
whence (S' -v)^m = tJC, («' -v)tm = tT. 

(vf~w)%m = XZ' (2). 

29. We may notice that, whereas in the case of finite 
forces such as gravity, the aymhol S on the right-hand side 
of the equations usually denotes a summation of an indefi- 
nite number of indefinitely small terms, in other words an 
integration, in the case of impulsive forces there is usually 
only a small number of impulses at definite points to be 
considered. 

We may farther notice that all finite forces may be left 
out of consideration in calculating the effect of the impulsive 

forces, since | Pdt will be indefinitely small unless P ia 

indefinitely lai^e, the supposition being that t 13 indefinitely 

^^HF 1. Apply D'Alembert'a Principle to the solution of the 
^^^Ulowing problems. 

^^f (a) A heavy chain, flexible and inextensible, homo- 
geneous and smooth, hangs over a small pulley at the common. 
vertex of two smooth incHned planes; it is required to deter- 
B the motion of the chain. 

a— 2. 
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((S) A straight tube of small bore revolves uniformly 
in a horizontal plane about a point at a distance (c) from it, 
and has a smooth chain of length 2a within it, with its 
middle point initially at rest at the shortest distance from the 
point. Prove that the space described along the tube in tim 



nly 

it, 

its 
Lthe 
timeJ 



and that the tension at any point of the chain is constant 
throughout the motion. 

(7) A smooth cycloidal tube whose axis ia vertical and 
vertex upwards contains a chain equal to it in length ; if the 
equilibrium of the chain be disturbed, determine the velocity 
of it in any position. 

2. A person standing on perfectly smooth ice falls. His 
feet are observed to come rapidly forwai'd. In what direction 
■will his head move ? 

3. What is the effect of the backwards and forwards 
motion of the rowers in a boat respectively ? Explain how it 
ia that by bending rapidly forwards and then slowly backwards 
without dipping thtj oara a shght forward motion may be 
given to the boat. 

4. A rod of length 2a is suspended from a fixed point by 
a string of length I attached to one end; if the string and rod 
revolve about the vertical with iiniform angular velocity, 
their inclinations to the vertical being and ^ respectively, 
prove that 

3? _ (4 tan g - 3 tan ^) ain <^ 
a (tau — tan d) sin d 
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30. We have now obtained equations which completely 
determine the motion of a rigid body under the action of 
any forces. It reraaina to exhibit the methods of solving 
these equations in different cases. 

The most simple case of motion conceivable, if we except 
that of parallel and equal translation of all the particles 
of the body, the solution of which only entails by Art. 25, the 
discussion of the motion of their centre of inertia, ia that of 
rotation round a fixed axis. 

If we take this axis as axis of s, and if w be the angular 
velocity round it at any instant, we have for the velocities of 
any particle {x, y, z) parallel to the co-ordinate axes 
— jw, xa>, 
stively ((8), Art. 7. or see Art. 2). 

The accelerations in the same directions respectively can 
b obtained by differentiating these velocities with respect to (, 
Bid are therefore 



dw_ dy 
^ dt " dt' 



K Bnbstituting the above values for 
da, , dm 



dx , dy 



If these values he substituted for - j-. , -, ,- , -^^ , 
dt di dt' 
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lin equations (2) of Art. (23), we obtain 



-tm 



■ -j-^ + tmy,. 






dt 



3 



The quantities at and j- are the same far all the particles 

of the body and maybe taken outside the sign of summation. 
We see that iu this case it ia necessary, before proceeding to 
the actual solution of the dynamical problem, to ascertain thft 
I values of the quantities %m {x' + y'), %mys, %mzx. 

In other problems we shall meet with the similar quau- 
■itities %mxy, %m{y* + 1^), %m{^ -Vi^), and the values of- 
I these six sums must be known in order to enable us to de- 
I termine completely the motion of the body. 

The three quantities, 

Sm (j- + «■), Sm If' + »•), Sm (»^ + jl, 
a called the momenta of inertia of the body round the axes 
X, y and s respectively. 

The three quantities Sinyz, %mzx, %inxy are called the' 
products of inertia with respect to the same axes. 

The quantities Snw^, Smy*. Smz* are sometimes called the 
moments of inertia of the body with respect to the planes ot 
I, and xy respectively. 

The moment of inertia of a body round any axis may be 
lefined as the sum of the products of the mass of eacli, 
rticle of the body into the square of the distance of 
t particle from the ajfis. 




10 moment of inertia of a body with respect to any 
is the sum of the products of the mass of each particle 
ae square of its distance from that plane. 
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32. The moments of inertia of a given body round any 
two parallel axes or with respect to any two parallel planes 
are connected by a simple relation. 

Let a;, ^, 2 be the co-ordinates of the particle of mass m 
with respect to the original ajces. Let x, y, s be the 
co-ordinates of G the centre of inertia of the whole mass, and 
«', y', z the co-ordinates of ii\ with reference to axes through 
Q parallel to the original axes. 

Then a = x+x',y = y-^y',s = z + z'. 

Therefore Sm(y'4-«^ = 2m (y -|- y'f + Sm (z + z'f 

= (»/' + ?) 2m -I- 2y tmy- + 2c 2m^'+ Sm {y*+z") 

since 2my' = 0, 2m/ = by the properties of the centre 
of inertia. 

That IB, the moment of inertia about the axis of s is equal 
to the moment of inertia about a parallel axis through 
the centre of inertia added to the product of the whole mass 
the square of the distance between the two axes. 

Similarly we find that 

2ma^* =S'.2m +2ma^", 
Imys =yz.%m + tmy'i!. 

33. If therefore the moments and products of inertia of a 
body with reference to any axes through its centre of inertia 
be known, those with reference to any parallel axes can 
be determined. 

34. If i = "= ~ (1) ^ tbe equations of any straight line 
through the origin, the square of the perpendicular from the 
point («, y, z) on this line is known to be equal to 

which, \{\,fi,v be assumed to be the direction-cosines of (1) 

so that \' + /i' -f jj' = 1, can be written 

A.* (y* + ^) +^' (^* + '^) + v\3? + f)~ Zfivyz - 2v\zx - 2X/ixy. 



jf 
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Hence, if I denote the moment of inertia of the body \ 
about the line (1), 1 

7 = X' 2nt (2/' + a") + ft* 2wi {«' + (O + 1^ Sm {a? + j') 

— 'ifi.v'tmys — ivK'S.mzx—'iXii'Zmxy j 

= A\^-\-Bfi^-<tCv*-2A'iJ.v-2B'v\-2(J\fi. (2), I 

if A, B, C be the moments of inertia and A', S, O the 
products of inertia of the body with reference to the ases of 
co-ordinates. 

35, The expression for I is susceptible of a very simple j 
geometrical interpretation. Let the quadric whose equation I 
is Ax^ + B^+ Cz" - 2A'ys - IB'zx - 2 Cxy = e*. . .(3) I 
be constructed. Then, if r be the central radius of this I 
quadric in the direction of the Kne (1) of the last Article, 

{AX' + Bf/,' + Cu* - 2A'fiv - 2SVX - 2 CXfi) r' = e*, J 

therefore /= —7 . 1 

That is the moment of inertia of the body round any axis 1 
through the origin is inversely proportional to the square of 1 
the radius of (3) in the direction of that axis. 

Since the moment of inertia round every axis must be a I 

positive quantity it follows that r' can never become negative ] 

or infinite. Hence the quadric (3) must be an ellipsoid. It 1 

is usually called the momenlal ellipsoid of the body with I 

reference to the given origin. ] 

36, We know (Solid Geometry, Arts. 51, 85), that the 1 
equation of the quadric can be reduced by transformation of \ 
co-ordinates so as to assume the form . 

Px'+Qy' + Ez'=e' (4), 

where jP, Q, R are the roots of the cubic equation I 

i8-A){s-B}{s-q--A''{s-A)~B"{s-B)~Cf'{s~C) ] 

+ 2A'B'C' = (5). 1 

If the equation of the momental ellipsoid were originally I 
calculated with reference to these new axes, the coefficients 1 
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of a^, y* and e' would have been the moments of inertia round 
the axes of x, y, z, and the coefficients of yz, zx, xy would be 
the products of inertia with reference to the same axes. 

Hence the new set of axes have this property, that the 
products of inertia of the body with reference to them, all 
vanish: and we see that at every point of a body there must 
be a set of axes for which this condition is satisfied. 

These axes are called the principal axes of the body at 
the given point. Their directions can be determined by 
equations (3) of Art. 83 of the author's Solid Geometry, merely 
altering the signs of A', S, and (7. The moments of inertia 
I'ound these axes, which are called the principal moments of 
inertia for the origin, are the roots of equation (5) above. 

If the values of P, Q, R be equal, the momental ellipsoid 
becomes a sphere. Hence since the form of its equation is 
unaltered by aDy rotation of the axes, all axes through the 
given point are principal axes, and the products of inertia 
will vanish with respect to any such axes whatever. 

37. If P, Q, R be the principal moments of inertia of 
the body at the centre of inertia, the moments and products 
of inertia with reference to parallel axes through any point 
(a, A 7) will be by Art. 32, 

H M^y, Mya, Ma^, 

where M denotes what we have previously denoted by 2m, 
the mass of the whole body considered. The x, y, z of Art. 
32 are replaced by — a, — ^, — 7 respectively. 

Hence the equation of the momental ellipsoid for the 
point (a, (S, 7) is 

-%M^yyz-myizx~1Mii^xy = t'- (6). 

Hence the new axes are not principal axes at the new 

[gin unless two of the three quantities a, ft 7 vanish. 
The directions of the principal axes of (6) can however ha 
ascertained by the ordinary methods of SoUd Geometry, 



^^j 
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38. A given eet of co-ordinate axes will only be thfl' 
principal axes at the origin when all three of the quantities 
imyz, Smex, trnxy vanish. If however two of these quanti- 
ties, as %myz, Xmzx, vanish, one of the co-ordinate axes, in 
this case that of z, will be a principal axis. For the equatii 
of the momenta! ellipsoid becomes 



^ar* -I- By^ + Cz^ - 2Cisy = e\ 
and by turning the axes of x, y through an angle 6 di 
termined from the equation 

I tJie term involving wy can be made to disappear find the equn 
f tion reduced to the form 

From this it is obvious that if any plane divide the boc^^^ 
symmetrically, any line perpendicular to this plane is ! 
principal axis at the point where it cuts the plane. For ! 
the origin be transferred to this point and the plane be take 
as plane of xy, for every particle m with co-ordinatea x, jr, 
there is an equal particle m with co-ordinatea x, y, — i 
Hence Xmzx and %viyz both vanieh. 

39. It is easy to deduce the condition that a given li 
may be a principal axis at some point of its length. 

Take the given line as axis of z and let the origin 1 
transferred to a distance h along it. The values of tl; 
products of inertia with reference to the new origin are 
"Zmy (z — h), Swi [z — h) a>, Sm^cy, 
If the axis of s be a principal axis at the new origin, tb 
: former two of these must vanish, 
therefore Xmyz = hS,iny, Xmzx = h^mx, 

= kyXfn = kicXin, 

if S, y be co-ordinates of the centre of inertia. 

Hence no value of k will satisfy tbeae conditions unless 
Xmyz ^ Xmzx 
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It is evident that if S, ^ both vanish and %myz, %mzx 
vanish also, the required conditions are satisfied by all values 
of A. Hence a Hae through the centre of inertia which is a 
principal axis at any one point is a principal axis at all points 
ihrough which it passes. Thia result can also be deduced 
from equation (B) of Art. 37. 

40. We have frequently to calculate the moments of 
inertia of bodies in the form of a plane lamina. If the plane 
of the lamina be taken as plane of xy, since the value of s 
will be zero for every point of the lamina, %myz and Sinsar 
will vanish. Hence one principal axis is always at right 
angles to the plane of the lamina. 

If ^, B be the moments of inertia about any two axes at 
right angles in the plane, and C that about the axis perpen- 
dicular to it, 

A = trnf. B = tm^\ = tm (x' + y). 
whence C — A -h B. 

41, We have now to determine the moments of inertia 
in a few simple cases. 

A uniform straight rod about an axis through its extre- 
mity perpendicular to its length. 

Let AB be the rod whose length is a and, mass is M, fj, 
the mass of a unit of length, FQ any element of the rod. 



-B 



AP= X, PQ = Bx. Then the moment of inertia of the rod 

Iut any axis through A perpendicular to JB 

This will also give the moment of inertia of a i 
mass J/ and length 2a, about an axis through its middle point 
perpendicular to its length. 



fjj^da 
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42. A rectangle about one side. 



Let ABCD be tbe rectangle whose length AB 13 a. 
we divide the rectangle into an indefinitely large number 
indefinitely small strip'i parallel to AB, tbe moment of inertia 
of each strip round A D will be equal to the mass of tbe atrip 

multiplied by -jr . Hence if M be tbe mass of tbe wbole 
rectangle, tbe moment of inertia of tbe rectangle = M. - 



I 

■tia I 



If AD = b, the moment of inertia of tbe rectangle roui 
A£ is similarly = M. .^ . 



Hence by Art. 40 the moment of inertia of the n 
I about an axis through A perpendicular to tbe plane 



ctangle 



43. The moment of inertia of a rectangular parallelepiped 

whose edges are a, h, c round the edge c is M. — i^— . For) 

tbe parallelepiped can be divided into any number of tbiii 
Btripa by planes perpendicular to c, the moment of inertia of 
each of which round c is, by the last Article, equal to its 

a' + V 
mass X — s~. 

a. The moment of inertia of a circular ring whose 
I ladiua is a, round an axis through its centre perpendicular to 
' its plane is evidently if . a'. Hence, since tbe moments of 
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inertia round all diameters must be the same, by Art. 40 it 
follows that the moment of inertia about a diameter is half 

the above, or if . ^ . 

45. A circular area of radius a can be divided into a 
number of concentric rings. The area of one of these may be 
taken as 27rrSr, and if fi be the mass of a unit of area, the 
moment of inertia of this ring round an axis through the 
centre perpendicular to its plane is 2irfirSr . r*. Hence the 
moment of inertia of the circular plate 



= 2'!rfi[ 



f^dr 





1 4 ij- a* 

where if is the mass of the plate. 

Hence as in Art. 44 the moment of inertia about a 

a* 
diameter is half the above, or if . -j- . 

4 

46. A triangular area about its base. 




By dividing the area into strips parallel to the base it is 
easily seen that the moment of inertia 
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^ -where h is the altitude, c the base of the triangle, and » tlu 
f "distance of any strip from the base. This equals 




The moment of inertia of ABC round any line i 
I A, as AF, is similarly ^fi.AF{k'^ + k'), where h and h' i 
I the perpendiculars from C and B on AF. 

But this = Jj fiAF {h + h') {h' - hh' + A") 

= ^M{h'-liJi' + h'') 

=*-{(i)'-©'-e-i^')}- 

Thia result is the same aa the moment of ii 
M 
[ AF of three equal particles each of mass -^ , pi 

L middle points of A 0, AJB and BC respectively. 

iince the centre of inertia of these particles coincides 
[ -with that of the triangle and the sum of their masses is the 
same as that of the triangle, it follows by Art. 32 that the 
moments of inertia of the two systems round any axis parallel 
to AF, that is round any axis lying in the plane of the tri- 
angle, are equal. By Arts. 40 and 34 it follows that the result 
is taue for any axis whatever, and farther that the products of 
inertia of the two systems with respect to all axes are equaJL M 

47. The moment of inertia of a sphere about a diametfl^| 
can be determined by dividing the sphere into slices by 
planes perpendicular to the diameter. The moment of inertia 
I of one of these slices round the required axis by Art. 45 
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= /iTT (a* — x^)dx- 



, where a is the radius of the sphere. 



X tbe distance of the slice from the centre, and (l the mass of 
a unit of volume. Hence the whole moment of inertia 
required 



I 



= i/i7rj (a'- 



■ a:')' dx 



_ Sfiva" 



The moment of inertia of a spherical shell round a 
diameter can be obtained iudependently by integration. It 
may also be obtained from the formula of the last Article. 

The moment of inertia of a sphere of radius g = - ^ , 
that of a sphere of radius a + Sa round the same diameter 
will be - — - — =-; . The difference of these, which neg- 
lecting squares and higher powers of Ba is -^—^ — . will 

be the moment of inertia of the shell of thickness Sa. Since 
the mass of the shell is i/iira^Sa, this result can be expressed in 

the form M. -^ . 

49. The foregoing examples are sufficient to indicate 
the method of calculating moments of inertia. Products of 
inertia can be similarly calculated, but their determination 
will usually involve a double integration. Inasmuch however 
as whenever it is possible we employ principal axes we do not 
very frequently have occasion for the values of the products of 
inertia. 

30. We may notice that in all cases the moment of 
inertia has been expressed in the form 3/'^, that is, as 
the product of two factors, one being the whole mass and the 



EXAMPLES. CHAPTER 111. 



other an expression of two dimensions. The square root of 
the second factor, or k, is called the radius of gyration of the 
body about the given axis. It ia in fact the distance from the 
axis of a particle whose mass and moment of inertia round. 
I the axis are equal to those of the given body. 
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1. Find the product of inertia of a uniform right-angled 
I triangle about the two sides containing the right angle. 

2. Find the moments of inertia of a uniform ellipse (1) 
' about either of its axes ; (2) about a line through its centre 

perpendicular to its plane, | 

S. Shew that the moment of inertia of the lemniscatl 
r" = a' COS Id about a line in ita plane, through its nodJ 
and perpendicular to its axis is 

j-Stt + S , 
M-^a\ 

i. Find the momenta of inertia 

(1) Of a portion of the arc of an equiangular spini 
about a line through its pole perpendicular to ita plane. 

(2) Of a parabolic area bounded by the latus rectuH 
I about the line joining its vertex to the extremity of its lattt 

rectum. 

(3) Of a uniform ellipsoid about a principal axis. 

5. Shew that the moment of inertia of a regular polygomt 
lamina about an axis in its plane through ita centre is 

I a being the length of a side. 

6. The momenta! ellipse for a uniform triangular lami] 
is similar and similarly situated to the minimum ellip 
circumscribed about the lamina. 
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7. Find tlio moment of inertia of a ri^ht circular cone 
whose height is h and semi-vertical angle a, (1) aljout its axis ; 

(2) about a liae through its vertux perpendiciiJat to tho ajia ; 

(3) about a slant side. 

8. Find tho moment of inertia of a right circular cone 
about a generating line, the density of any circular section 
vaiyitig as its distance from the vertex. 

9. The axes of an ellipsoid are 2«, 26, 2c, its density at a 
point whose distances from the principal planes aro x, y, z is 

find its moment of iriertia about one of the principal axes. 



ofirii 
3 moi 



10. Find the moment of inertia of the area of the curve 
»a (1 + cos &) about the initial lino. 

Find the moment of inertia of the solid 
(ai' +?/' + £'- a£f = a' (a^ + y' + s") 
about the axis of x. 

Find also the moment of inertia of the surface of this 
solid about the same axis. 

12. Shew that the moment of inertia of a triangular 
lamina with respect to any plane is the same aa that of three 
equal particles, each one-third the mass of the triangle, 
placed at the middle points of the sides, with respect to the 
same plane. 

13. Shew that the moment of inertia of a uniform 
tetrahedron with respect to any plane through one of 
its angular points, is the same as that of a system of 
five particles, one placed at each angular point of the tetra- 
hedron, each of mass one-twentieth that of the tetrahetlron, 
and one of four-fifths the mass of the tetrahedron placed at 
its centre of inertia, with respect to the samo plane. 

li. Prove that tho result of the last question holds with 
respect to the moments and pi-oducts of inertia of the tetra- 
hedron with respect to all axes whatever, 



i 
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15. If any edge of a uniform tetrahedron be a, principal ^* 
axis, so also is the opposite edge, and the point on either 
edge at wbicli it is a principal axis will divide the distance 
between the middle point and the foot of the shortest 

•distance between the edges in the ratio 3 : 2. ^H 

16. If M be the mass of a tetrahedron, Q, its moment (^^H 
inertia about any axis through its centre of gravity, Q^ that o^^| 
the octahedron formed by joining the middle points <^^H 

its edges, prove that Q, = .^ Q^+the moment of inertia of ^^| 

»Bystem of four particles, each of mass — , placed one at each^H 
I" ■ 
om 



I 



17. Find the principal axes of a right cone, a point od 
circumference of the base being the origin ; and shew that 

one of them will pass through the centre of gravity if 
the angle of the cone be 2 tau~' ' 

18. Shew that two of the principal moments of inertia 
with respect to a point in a rigid body cannot be equal unleffl 

Ltwo are equal with respect to the centre of gravitjjf and! 
I the point situated on the axis of unequal moment. 

19. If the principal axes at the centre of gravity 1 
taken as the axes of co-ordinates, shew that the loci 
of points at which the sum of the squares of the three 
principal moments of inertia = K* is the surface 

K'-A^-If-C 



20. On a straight cylindrical rod of known lengl 
circular in section and uniform in density, are three anchq| 
rings. A, B, C, different in mass and closely fitted to the roe 
The position of A being unaltered, prove that the order! 
of the rings maybe changed to A, C,B so as not to affect the! 
centre of gravity of tile system of rings and rod, nor the I 
iprincipal moments of inertia of the system at its centre I 
tof gravity, nor the distance between B and G. 
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21. Find the product of inertia of the eighth part of an 
ellipsoid, cut oflf by the principal planes, with respect to the 
axes of X and y, 

22. If a body be referred to principal axes through 
its centre of gravity, and Md^, Mb*, Mc* be the momenta 
of inertia with respect to them, shew that the moments 
of inertia with respect to principal axes at a point (a, )8, 7) will 
be given by Jf (r* + a* + ^ + 7'), where r' is given by 
the cubic 
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CHAPTER IV. 



MOTION ROUND A FIXED AXIS. 

I 

51. The motion of a body may be absolutely free, or it 
may be restricted by having one point fixed, or two points 
fixed. If three points be fixed, the body must be at rest. 
We shall first consider the motion when two points are fixed. 
It is evident that the motion is one of rotation about the line 
joining these two points. 

62. Let us take one of the fixed points as origin and the 
straight line joining them as axis of Zy and let the distance 
between them be c. We may assume that the fixed points 
exercise pressures on the body whose resolved parts parallel 
to the co-ordinate axes at any instant are respectively^, (?, H\ 
JP", G\ H\ As in Art. 30, we have for the values of 

df' He^'^'^df' 

d(0 a d(0 n /% 

to write "^y ~Ti — ^^ ' ^ Iff " y * 

respectively. 

With these substitutions the equations (1) and (2) of Art. 
23 become 

-2my.^^-2ma?.Q)«=SmZ + J^+i" (1) 

Xmx.~-tmy .a* ='XmY+ G+ O' (2) 

O^XmZ+H + ir (3) 
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-'^"•''- fi + ^'y-"' - -»' (^y - ^») - "'" 


• w 


-Imyz . ^ - tmzxa* = 2m(X« - Zx) + Fc 


.(5) 


S" («• + !,•). §-Sm(r.-Xy) 


..(6) 



IVbere the symbol S on the riglit-hand side indicates a sum- 
witioQ with respect to all the other external forces acting 
to the body beside the restraint of the axis. 
' Equation (6) is sufficient to determine to, if Sm {Yx — Xy) 
be given; equations (1) and (5) will then determine F 
and F', and equations (2) and (4) will give G and G'. 
Equation (3) gives us ff + B', the separate values of H and E' 
being indeterminate, an obvious consequence of the principle 
l^^^of the trans missibility of force. 

^^" 53. The most important particular case is that of 
" -dotation about a horizontal axis under the action of gravity. 

We may take the axis of x to bo vertical, and x, y, z 
s the co-ordinates of the centre of inertia of the tody. If 6 
B the angle which the plane containing the centre of inertia 
knci the axis of z makes with the plane of zx, 

_de dm _d'd 
" ~ di ' di~W' 

Also X = g, Y= 0, ^ = 0, if 3 be the force of gravity per 
mit of mass. Let jU"be the whole mass of the body. 



I equations of the last article become 



-^KS)'^ 



O-if + fl' 
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— i,myz-j^-2.mzx{-j,\ =Mrjz + Fc 

Jjet A be the distance of the centre of inertia froml 

Uie axis of rotation, and k the radius of gyration (Art 50)1 

round an axis through the centre of inertia parallel to I 

I this line, the moment of inertia about the axis of z, or I 

VXtn (a;' 4- 1/"), is therefore Mh? + Mk^ (Art. 32). Also y = A sin B.\ 

The last equation of Art. 52 becomes 
M(h' + l')''^ •'-•■- 






'df- ' 
h' + k'' 



..(1). 



This is the equation which determines the motion of a ' 



h' + k' 



This 



I heavy particle suspended by a string of length — 

latter quantity is often called the length of the simple equivalent 
pendulum. The time of a small oscillation of such a pendulun 
of length I is shown in treatises on Dynamics of a partie" 



of length I is 

I to be 2Tr A / - 
V 9 
By integrs 
where C is i 
circumstances 
From (1) i 



or in this case 27r 



/A' + t* 



By integrating (1) we easily obtain 

/dff\ 



Q'- 



■•(2), 



where (7 is a constant to be determined from the initlalj 
of the motion. 

From (1) and (2) v 

It-] in the equations of the last Article, and obtain 1 
mluee of F, F', 0, G', S + B'. 
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55. If the origin be taken as the point where the 
perpendicular from the centre of inertia meets the aids of 
rotation, s = 0. If also the axis of rotation be a principal 
axis at this point, Sm!/5 = 0, l.mzx = 0. This will be the 
case (Art. 3H) if the plane through the centre of inertia 
perpendicular to the axis divides the body symmetrically. 



j^L Thee 



The equations of Art 53 then give F' = 0, G' = 0, 
Mg + Mh cos e (-]' + m sin 5 ^ 



= Mg + MCkcos6 + 



Mffh^ . 



- sin' 0), 



-., sin d cos 8, 



h' + k' 

whence — .Fand — G which represent the resolved pressures 
of the body on the axis are known. The whole pressure ia of 
course Ji'''~+ ff*. 

■^6. Id the case we have now assumed let be the 

origin, G the centre of inertia, and 00 consequently perpen- 

■tdicular to the axis of rotation. Produce 00 to 0' so that 



00' is the length of the simple equivalent pendulum. The 
point 0' is called the centre of oscillation. A heavy particle 
placed at 0' and connected with by a weightless wire 
would oscillate round just as the body does. 

We have then 00' = ^^^ 

whence 00' — A or O'Q = -^ , 

or 0Q.0'G = k\ 
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This relation is perfectly symmetrical with respect to &M 
and 0'. Hence if the body be suspended from 0', will b^J 
the centre of oscillation, and the times of osciUation will 1 
ie same whether the body be suspended from or ff. 

57. This property of the convertibility of the centres ( 
ispension and oscillation is used to determine the length o 
rfie simple pendulum which will oscillate in a given time. 



cD 



A heavy and tolerably uniform bar of metal is pierced 
yith ttro holes, A and i, chosen so that they shall be as 
bio centres of suspension and oscillation to one 
icother. C, C, are heavy screws, by moving which in ( 
ftlt the centre of inertia of the bodj', and its moment < 
teertia ronnd an axis through that point can h4 slightlM 
(Utered. 

The bar is then suspended so that the upper end of thtd 
I bole A rests on a knife-edge support, and being made toS 
oscillate, the time of oscillation is compared with that of the; 
pendulum of a clock beating in a known time. The time ( ' 
oscillation when suspended from B is then similarly observed. 
If these two times are identical, the measurement of AB 
gives the length of the simple pendulum oscillating in that 
time. If the times ate different, a suitable adjustment of 



w 



w 
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tbe screws C, G, will briog them gradually nearer, until 
linally, when they coincide, AB can bo measured. When the 
length of the simple pendulum for any one time is determined, 
that fur any other time, as for instance a second, can be 
" itennined by a proportion. 

58. The time of oscillation requires to be observed 
with very great accuracy. For tliis purpose it is desirable 
that the pendulum AB should oscillate nearly in the same 
time as the clock pendulum. The latter is made to swing 
just in front of, or just behind AB, so that the clock pendulum 
and a certain mark attached to AB can be both seen through 
a telescope suitably placed when at -the lowest point of their 
swing. If they pass the lowest point together in one oscilla- 
tion, supposing the clock pendulum to go the faster, the next 
time the latter will pass a little before AB, and the next 
time it will be still more in advance. Presently, after n 
oscillations of AB the clock pendulum will very nearly have 
gained a whole oscillation, and after n + 1 ot AB will have 
gained rather more than a whole oscillation, the «th and 
n+lth passages of AB being those which most nearly 
coincide with pa,ssagos of the clock pendulum. The ratio of 
the time of oscillation of AB to that of the clock will thus 
be between n+1 : n and n + 2 : ii + 1. If a very large num- 
ber of oscillations be made and the nearest coincidences 
noted, we can thus get as close an approximation as we wish 
to the accurate time of oscillation of AB. 

59. If a body rotating about a fixed axis be acted on by 
sudden impulses, the new angular velocity round the axis 
and the impulsive strains on the axis can be obtained from 
the equations of Art. 28. If w, tu' be the angular velocities 
before and after the impulsive action, still taking Oz as the 
axis of rotation, we have as belbro 

r «s= — ya), b = 3;m, W = 0; u = — ya>',v' = wo>', w' =Q. 

*/, farther, we take F^, G , H^ ; F^, O^, H,' to represent 

3 impulses exerted on the body by the axis at two points, 
one of which is the origin and the other is at a distance c 
from it; and the symbol 2 denote summation with regard 
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other impulses actiog oa the body : the equations t 
I Art. 28 become 

- (o)' - u) ^mzx = 'S.iZ'y - Y'z) ~ G,'c, 

- (™' - <i>) tmijs = l(X'z - Z'x.) + F^c, 
{m--^)Xm{a^ + f) = -S.{rx~X-y), 

- Mjj (»' - w) = SX' + f. + ^,', 

, These equations determine m — a, F^, F^, G,, G/, /Tj + H^. 

00. The most interesting case is when only one extern 

I impulse X', Y', Z' affects the body, applied at a poid 

I (fi Vi ?)■ 1° this case it is sometimes pos.sible to apply' 

[ the impulse without producing any impulsive pressure 

I on the axis of rotation. The point at which the single 

impulsive force must be applied is called the centre of 

percussion ; naore strictly speaking, the line of action of this 

force ought to be called the line of percussion, since in a 

really rigid body it is clearly a matter of indifference at what 

point in its line of action the blow is given. 

The conditions for the existence of a centre 
I percussion can be easily discovered. 

Assuming that /"„ F^, G„ ff,', H^, if/ all vanish, 
j equations of the last Article give us 

-(^'-a>)1mzx = Z'v-YX 
-{^■-t.)%m,jz = Xi;-Z-^, 
{t^'-a)Mi?=Y'^-X\ 
-My{a>-m) = X\ 

l} = Z'. 

X _ r^^; 

-§ X 
Henco the direction of the impulse is perpendicular to 



From the last three equations we have - 



the plai 



; the centre of inertia and the axis 



3 containing 
rotation, the equation of this plane being 
-.'ry + J/x = Q. 
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Putting Z' = the first equation gives ua 

y - «,) Xm,^ = Ff - {„■ - c) S«rf, 
therefore "Em (z — ^)x = 0, 

similarly S") (s — f ) ^ = 0- 

From these two equations it follows (Art. 3S) that the 
axis of rotation must be a principal axis at a point at a 
lieigbt f above the plane of xif, that is, at the point where a 
plane through the line of action of the impukive force 
parallel to the plane of aiy cuts the axis of rotation. 

kThe third equation gives us 
K-»).iR'.l"f-A", 
-(«,'-j,)J/.pf + j/,), 
therefore !c'=x^+yii= pr, 

where r is the distance of the centre of inertia from the axis 
of rotation = Vj? + ^', and p is the perpendicular distance 
between ttie axis of rotation and the line of action of the 
impulsive force. For the equations of this line are 

» g-f _ .V-^ „z-g 
X y z ' 

-y ^ • 

and the perpendicular distance between this line and the 
axis of 2, which is evidently the perpendicular on this line 
from the point (0, 0, f) is (Solid Geometry, Art. 28 or 30) 

These results can be obtained rather more simply by 
assuming the plane of zx to contain the centre of inertia. 
This gives us ^ = and thonce ^ ' = 0. Hence the impulse 
is entirely parallel to the axis of y, that is, is perpendicular to 
the plane containing the axis of rotation and tne centre of 
inertia. Wo then easily obtain A' = Jcf, which is equivalent 
to our laat result. It follows that the centre of percussion, if 
one exist, is at the same distance from the axis of rotation as 
the centre of oscillation (Art. 5C). 



EXAMPLES. CHAPTER IT. 



EXAMPLES. CHAPTER IV. 



r 

^^H If r, aud T^ are the times of a small oscillation about 
^^f parallel axes which are distant a, and a^ lespectivelj from the 
centre of gravity ; and T the time of a small oscillation for %_ 
simple pendulum of length a, + a^, shew that 



A hody moves about a fixed horizontal axis i 
■ acted on by gravity only, find the time of a small oscillation. 



axis and is^^ 



{a,-a,)T' = aX'- 



aJF'-. 



3. A homogeneous solid spheroid, the equation to 
J surface of which is 



12. A ritpd body is snupended in succession from three 
parallel axes in the same plane, the distances of which from 
each other are known. If the times of oscillation be ohserved, 
obtain an equation for determining the moment of inert^ 
about the parallel axis through the centre of gravity. 
BUI 
is 
*hi 
aoi 
otl 
bel 
na 



1 



% + ^' 



-=1. 



|J8 suspended from an axis passing through a focus 
T*hat the centre of oscillation lies on the surface 



25rt' (a' - fc') (a;' + y' + z'f ■- 



\-}?{x* + f-\-z*)] 




4. A uniform heavy rod OA swings from a bin^ ^^ 

r and an elastic string is attached to a point G in the rod, the"" 
[ other end of the string being fastened to a point B vertically 
» below 0. In the position of equilibrium the string is at its 
natural length and the coefficient of elasticity is n times thi 
weight of the rod. If the rod be held in a horizontal poatiiB 
and then set free, shew that if w be the angular velocio 
when it is vertical 



|aV 



= ija+ng 



ii! 



kc 



+ Jh'- 



l.jrhere ta = length of rod, 00 = c,OB= h. 

Find also the time of a small oscillation and shew ihat jj 
[is not affected by the elastic sti-iug. 
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5. A uniform rod of length 2o is rotating, in a vertical 
plane, about its midJIe point, which is fixed, with an angular 

velocity */ '—^ - At the instant the rod is horizontal the 

ascending end is struck by a ball of equal mass, which was 

dropped from a height -s- ; and when it is nest horizontal, 

the same extremity is struck by a second equal ball similarly 
dropped. The elasticity being perfect, determine the subse- 
quent motion of the rod and balls. 

6. A uniform vertical circular plate, of radius a, is capable 
of revolving about a smooth horizontal axis through its centre; 
a rough string equal in mass to the plate and in length to its 
circumferonce hangs over its rim in equilibrium ; if one end 
be slightly displaced, shew that the velocity of the string 

■when it begins to leave the plate is \/~r- ■ 

7. A uniform cylinder can move freely about its axis, 
which is horizontal. While it is at rest a particle of 

elasticity e and of -jj of its mass and of friction /i falls on it 

and strikes it with given velocity. Investigate the motion of 
the cylinder, and shew that the greatest angular velocity will 
be produced when the radius vector of the particle's point of 
impact is inclined to the vertical at an angle 



^l^< 



{"(^f^-)}- 



8, A door in the shape of a uniform rectiingle of height 
md width b, turns on two hinges in a vertical line at 
a distance 2c apart, and equidistant from the top and bottom. 
A weight equal to half that of the door is fastened to one end 
of a string, whose other end is attached to the top corner of 
the door farthest from the hinges, aud which passes over 
a pulley fixed at the corresponding corner of the doorway. 
The door is placed open at right angles to the doorway : find 
the angular velocity with which it comes to. 

If the motion be suddenly stopped by a force applied 
at any point of the door: find the impulsive tension of 



r 
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the string, and prcssurua on tlie liinges, and the condition 
that the latter may vanish, 

9. An elliptic lamina is supported, with its plane vertical 

id transverse axis horizontal, by two weightless pins passing 
through its foci. If one of the pins be released, determine 
the eccentricity of the ellipse in order that the pressure 

Ion the other may be initially unaltered. 
10. A lamina, whose centre of gravity ia 0, is revolving 
■ about a horizontal axis perpendicular to it and meeting it in 
C; supposing it to begin to move from that position in which 
CG is horizontal, prove that the greatest angle which 
the direction of the pressure on the axis can make with 
the vertical is cot"' f | ptan 6) , where 8 is the corresponding 
angle which CG makes with the vertical, k is the radius 
of gyration about the axis through G perpendicular tp. 
the lamina, and CG = k. 
i 



that 
■ned 

eQt ofj^g 

i a^H 



11. A particle is placed on a rough plane lamina vtudl 
is initially horizontal, and which is moveable about t 
horizontal line through its centre of gravity. Shew that 
the particle will begin to slip when the plane has turned 

through an angle tan"' - — rj^u'n > f- being the coefficient o 

friction, 2a the length of the plane perpendicular to ita s 
of revolution, c the distance of the particle from that az^ 
' and M and in the masses of the lamina and particle, 

12. A ring is constrained to remain in a vertical plane, 
and to be always in contact with a rough horizontal plane, by 
passing through a smooth fixed ring at the extremity of a 

horizontal diameter. A weight equal to - th of the weight of 

the ring ia attached to it at the other extremity of t 
horizontal diameter. Shew that the weight will just rea^ 
the horizontal plane if the coefficient of friction he either 4 
the roots of the equation 

"'-"JlaFFTj + t' + ijl + i-"- 
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MOTION OF A BODY WITU ONE POINT FIXED. 

62. If the movement of a body be restricted by 
having one point only fixed, we know by Art. 9, that the 
motion at any instant can be represented by a rotation 
round some line passing through the fixed point ; or, by the 
composition of simultaneous angular velocities round the 
co-ordinate axes. The equations of motion in this case 
will be, by Art 23, taking the fixed point as origin 



= A 



^ 1 cPx (Pz) ,, 



f 



2m ^xg 



(Px[ ^j 



where L, M, N represent the sums of the moments of 
the impressed forces about the axes of x, y, z respectively. 

As in Art. 18, if ©,, ©y, ©, be the angular velocities round 
the co-ordinate axes, and o) the resultant angular velocity 

hence 

eft/ cPd? / 8 . tx do), dcD^ dfo„ . , V 
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Therefore 



+ Xm (a-w, 4- yr^g + Zta^ (ina^ — yo),) = JV". (1), 

I Two similar equations can be obtained from the other t 
I above. 

The equation (1) ie ordinarily quite insolubia 
[ In one case however it reduces to a very simple form, that ii 
I to say when the three principal moments of inertia oF 

the body at the fixed point are all equal. Any axis is 
, in tbia case a principal axis, since the momcutal ellipsoid 

becomes a sphere (Art. 3C). If A be the value of anv 
I one of the principal moments, since %Tnyz=0, Xvizx = A 
I Xmxy^O, and Xm{x'' + y'') = Xjfi {y' + e^} ='Zm{z' + i^=^ 

the above equation becomes 

at 
ind the other two become similarly 

A -' = L, A ■ — -" = M, 
dt at ' 

and from these equations the values of 
sometimes be obtained by integration. 

64. If a body rotating about a fixed point be subjected 
I to impulsive forces, the equations of Art. 28 enable us to 
j discover the instantaneous alterations in the angular velocities 
of the body round the axes. 

Let cuj, w„, m, be the component angular velocities round 
the axes before, and o>J, ruj, a.' the values of the same 
quantities after, the impulses. Then with the notation _ 
of Art, 28 by means of the formula (8) of Art. 7, 

u = WgS — a^, V = o)^ — u^, w = w^y — m^, 

w' = w,'s — w,'y, u' = a),'a: — ajz, w' = ajy — mjie. 

Then equations (1) of Art. 28, give after a little reductidj 
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and two similar equations. 

If we denote the moments of tho impulses round the axes 
by the symbols U , M', N', and adopt the notation of Art. 34, 
these equations can be written 

A « - «,,) - B K - «.) - a («; - »,) - r i 

-B('»,'-»,)-^'(».'-»,)-C'K-o.)-«'f (1), 

o [«,: -«,.)- A' (»; - »,) - -ff (»; - »,) = ji 

which determine u/— Wj, m\ — ti>^, «,' — &),, 
and therefore - m,', to,', m,'. 

C5. If a body with one point fixed ajid initially at rest, 
he acted on by impulses whose momenta round the axes are 
L', M', N', the angular velocities produced will be obtained 
from the equations (1) of the last Article, by putting 
(D„ (u,, w, each equal to zero. 

Now the direction-cosines of the initial instantaneous 
axis are — f- , -' , ^ , if w' be the initial angular velocity 

" = V<- +«;■+<. 

Hence the equation of the plane which is diametral to 
the initial instantaneous axis with respect to the momental 
ellipsoid [Art. 35, (3)] is (Solid Geometry, Art 32), 

The direction-cosines of the normal to this plane are pro- 
portional to 
Aa'-B'm:- G'm', Ba;-A-t^.'~ C't^J, Gw.'-.i'<»/ -£'«;, 

or l; m; N", 

that ia to the direction-cosines of the axis of the couple of 
which L', M', N' are components. 

Hence if a given set of impulses act on the body, 
since these can always bo replaced by a couple, and a 
force acting at the fixed point, which latter part has no efiect 
on the rotation ; the initial instantaneous axis of rotation is 
the diameter of the momental ellipsoid which is conjugate to 
the plane of the couple. 

A.D. 4 
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Unless the plane of the couple coincide with a princlpi 
plane of the body, the initial axis of rotation will not be 
perpendicular to tne plane of the couple. 

The quantities Ato^ — Sa,— O'a^ and the two Biinilar_ 
expressions are called the angular momenta of the 
about the axes, or the momenta of momentum about the a 
{See Art. 07). 

66. If at any instant the co-ordinate axes happen to 
coincide with the principal axes, at that instant Smyz = 0, 
"Zmzx = 0, Xmxy = ; and i( A, B, G he taken as the values 
of the three principal momenta of inertia, we have also 
Xm {y' + z') = A, Sm (2" + a,'*) = B, 2m {a?+f)= 0.1 

The equation (1) of Art. 62 becomes 

,^ 



1 

ap»^™ 
t be 

lilar 

boikH 



■A", 



{B~A)to,t^, = N, 



' dt 



and the other two equations are similarly simplified. 

If however a^, w^, w, represent the angular velocitii 
round axes fixed in space, this simplified form will only 
be true for the instant considered and will not admit of 
integration with respect to t. Let us then suppose that the 
angular velocity is represented by components w,, ro^ 
round the principal axes wbich are fixed in the body 
coincide momentarily with the fixed axes. At the ins 
considered (i>^ = (u, w =w , a>, = ai We cannot howev* 






dt ' dt ' dt 
and this relation we must proceed to invests 



be sure aa to the relation between 
dta^ dwg da. 

~^' dt ' 'di 



Let ua then suppose i,, m^, v^ ; /,, m^, n^ ; /,, m,, 
to be the direction-cosines of the principal axes of tfaij 
body with reference to axes fixed in space. We then t 

6>^ = Wi^, -I- JUjOi, -i- nijO),, 
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. . dtOg , da, , , d(o, J da>, dl, dL dl, 

^"^-di -'' di'+>- a +'--5,- +".rf<'+»- ,j;+"-7ft- 

Turniiig to Art. 7, we see that the relations between 
W^, 0),, <■>, and oi,, <■>,, o>, are exactly the same iu form 
as those between x, y', z' and f, 17, ^. 

Hence by a reduction eqiiivalent to that in Art, 7, 
Uie last three terms of tlie value of - ' can be replaced by 

•^, — oj^w, or zero, since the Bymbols m^, ut^, w, have the 
eame meaoing as iu Art. 7. 
Hence 

dm, _ , rfw, , (?fi), da>^ 

dt ~'' df^ ' di "*" ' dT ■ 

If then at any instant the principal axes coincide with the 
fixed axes, at that instant /, =■!,/, = 0, ^, = 0, and therefore 
we have 

^H 

68. The equations of motion of the body are therefore 
reduced to 

where w q>„ «, are the resolved angular velocities round the 
principal axes of the body, 

69. In addition to the equations of the last Article which 
may be supposed to determine m,, m,, w^, we still require means 
for determining the values of ?,, »(,, ?i, ; ?„ m^ ?i, ; (,, n*,. «, or 
in some other way ascertaining the position of the principal 
axes in space. 

It is well known that these nine quantities are connected 
by six relations. Tlierefore three independent quantities are 
required to determine the position of the principal axes. The 

4—2 



^^ thre. 
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three usually taken (Solid Geometry, Art. 45) are 8 the angl 
between the axis of z and one of the principal axes, 
that round which C is the moment of inertia, the an^ 
(^ between the axis of a: and the line in which the plane of « 
interaecta the plane through the other two principal axes, aaoB 
the angle i|r between the last line and one of these two^ 
principal axes, 

70. Let us suppose a, sphere of radius unity described' 
I with the fixed point as centre. Let the fixed axes meet this 
sphere in x, y, e and the principal axes meet it in A, B, C. 
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Also the angle between the arcs BC and Cz is '^. Hence 
resolving the second set in the directions of the first we 
have 

f ^ , de -) 

6)j COS y — ©J sm y = -^ 

• . 1 . ^ (1). 

©J sin -^ + ©J COS -^ = "^^^^ ^ 

From which, or by resolving the first set in the directions 
of the second, we can obtain the equivalent equations 



dO , dd> . /I . , 
6)j = -7- cos Y + -^ sin a sm y 

6)jj = — -1- sin -^fr + -j^ sin ^ cos y 



(2). 



Again, the velocity of A along -45 is ©3, but its velocity 
along AB relative to x^, is -^ , while the velocity of x^ along 



^jB is -77 cos d. 



(£^ 



Hence we must have, 

".4t+t-^ <^>- 

The equations (1) or (2) with (3) theoretically determine 
0, ^, yjr if ©J, ©J, ©3 are known, and, coupled with the 
equations of Art. 68, determine the motion completely. 

71. In the ease of a body acted on, either by no forces, 
or by fbrces which have no moment round the fixed 
point, the equations of Art. 68 admit of integration. They 
become 

^^ + ((7-5)a,,a,, = (1), 

B^ + {A-O<o,co, = (2), 

C^^f + {B-A)<o,<o, = (3). 
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Multiplying these equatioos by w,, &),, «, respectively, and J 
I addiDg, we have, 



' dt 






' dt 



= 0, 



.-' = 0. 



whence j4(i)|'+ Bm,'+ Coi/^ constant = A* suppose ...{4). 

Again mtlltiplying the three original equations 
\ -4w,, ifwj, Cttij respectively and adding, we obtain 

^ dt ^ dt ' dt 

whence -d'w,' + ^w/ + C(u,' = constant = /i;* suppose., .(5). 

Let us fuither assume ca to icpresent the resuttaau 
angular velocity, so that 

«,■ + «,' + < = »• (6). 

From these three equations co,", o 
iu terms of a>, and since 



doj 



d^ dw: 
'■' dt. "*" '^' dt. 



'"di-"'^'dJ' 

ve can then by means of (1), (2) and (3) express - 
dt 



■■(7), 
da 

' di-' 

consequently -j- , in terms of oi. The value of i ia thus mad^ 
to depend on the determination of an elliptic integral 

72. The equations of the instaataneouB axis referred 1 
the principal axes are 

i=^=^ (1). 

The co-ordinates of the point whore (1) meets tha 
I momental ellipsoid, whose equation is 

Aa^ + By'+Cz' = e* (2). 

I are obtained by taking (1) and (2) as simultaneous. Wal 
V thus get 



«, <u, V A £■),"+ BuT'+CV- 



r 
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also each of tlio fractini 



V < + o." + u= o 



if r be the distance of the point from the origin. 

The equation of the tangent plane to (2) at this point is 
(Solid Geometry, Art. 101), 



t-J!». 



-» + -* 



..(.?). 



The length of the perpeodicular from the origin on this 
is therefore 

and is consequently invariable. 

The direction-cosines of the perpendicular on the 
mt plane (3) referred to the principal axes are 
Am^ B^ Ctc^ 
ti' ■ k- • la' ■ 
shall now shew that this line is not only invariable in 
length but also in absolute direction. 

Let /,, »t,, «| be the direction-cosines of OA with 
respect to iixes Ox, Oij, On: fixed in space; l^, wi,, n, ; l^ m,, n, 
those of OB and 00. 

The cosine of the angle between Ox and the line we are 



1 
^«Un. 



r 

^^e si 



= X say. 



^ From this we obtain by differentiation 



Fv . , dto, , _, dm. _, da. , . dl 



= (B-C) (,»,», + (C~A) ;,«,. 



dt 

+ (A-B)l.m, 
^•dt 
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But by Art. 7 if «,, g)^ «, are the angular velocities 
round (?^, Oy, Oz we have 

^^dt^^- dt ^^' dt'^' 
dL . dZ^ dZ. 

dt dZ„ d/» 

and multiplying these equations by Z^, m^, w^ respectively and 

adding we obtain 

dl 



-^ = «,«^ - »n,6). 



= n^ (m^co^ + Tw.Q), + TWgWg) - m^ (w^q)^ + n^co^ + rigWa) (Art. 67) , 

= ZgWg — Zgft)^ (Solid Geometry, Chap. IV. Ex. 4). 
Similarly j^ = l^co^ - l^to^, 

Hence -7 = ; that is the perpendicular to the tangent 

plane of the momental ellipsoid at the extremity of the 
instantaneous axis makes a constant angle with any one, and 
consequently with all, of the axes fixed in space. Hence this 
line is itself fixed in direction. It is therefore called the 
invariable line, and the plane through the fixed point per- 
pendicular to it is called the invariable plane. Another 
proof of this result will be given later on as a particular 
case of a more general proposition (Art. 101). 
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^^^f 74 If the invariable line be taken aa axis of e in the 
^^^Hgure of Art. 70 the equations which give the motion can be 
^^~«onaiderably simplified. 

For from spherical trigonometry or from the transforma- 
tions effected in Art. 45 of the author'a Solid Geometry the 
direction-cosines of Oz with reference to OA, OB, OC are 



sin -tlr ain 0, cos yjr sin 0, cos 9 



Hence 

—r^ = Bin yjr Bin V 



-" = COS tJt sin 0, 



Cw, 



P ] siarjr COS -1^ sin 6. . 



Equations (1) of Art. 70 therefore give 

(W _ (U 

dt ~ \A 

d4> _ ,^ rtos' ■»|r sin' if-' 
5F~* \S~^~A~'. 
pile equation (3) gives 

6' dt 



-COS0...{1). 



..(2), 
..{3), 



dt ~ 



[)->+(J-^)cobV}...C4). 



Equations (2), (3), (4) if integrahle would give the values 
f fl, -^i in terms of (, and so determine the position of the 
Xly at any time. 

It is perhaps worth noticing that the direction-cosines of 
the three lines Ox, Oy, Oz with respect to OA, OB, OC are 

cos^cosi/r— Bin(^sini|rcos^, — co80sini|r— sin i^cosi/rcos^, sim^sin^l 
Bin^cMSsifr-i-cos^Bini^cos^,— sin^sini^+coE./)COS'Jrcos^,cos(^sin5 I (5), 
Bin-^Bin5, cos-f-sinff, cos^J 

and that the same nine quantities taken in vertical rows are 
the direct ion -cosines of OA, OB, 00 with respect to 
Oir, Oij, Oz. Also that the dJrection-cosines of OB can be 
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^^Vdeduced from thoee of OA by writing "^-^ s foi"^ while thoa^fl 
^^B^of Oy can be deduced from those of Ox by writing ■ 

i^^H ^— - ior if>. I 

^^r 75. The motion of the body can thus be represented by I 
imagining tho momeutal ellipsoid at the fixed point to roll on -M 

a plane parallel to the invariable plane at a distance -tj- J 

from the origin. The ellipsoid rolls on the plane becausefl 
the point of contact at each instant, being the extremity o^| 
the instantaneous axis, has no velocity in space. ■ 

The instantaneous axis describes two cones, one absolutely* 
in space whose base is a curve traced out on the fixed-l 
tangent plane by the fluccessive positions of the point ofS 
contact ; and the other relatively to the momental ellipsoid, ■ 
whose base is the curve traced out by the same point on thefl 
surface of the ellipsoid. The motion of the body may haM 
also represented by imagining one of these cones to roll oitd 

■ the other. ■ 

76. The locus of the extremities of the instantaneonsfl 
axis on the ellipsoid is easily obtained. It is simply thcA 
locus of points at which the perpendicular on the tangeutV 

plane is equal to -/.^ , and the condition for this is that I 

which, combined with the equation ^M 

Ax' + By + Cs* = ^^^^1 

gives the curve required. ^^^^^H 

This curve is called the polhode. ^^^^H 

I 77. The equation of the curve, called the herpolhod^M 
^Kaced out on the fixed tangent plane can be obtained. I 

r If ds' and da be corresponding elements of the arc of thiifl 
[• curve and the polhode, it is evident from the method o^| 
I description that ds' = ds, ^M 



^ 
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Let be the fixed point, 01 any position of the instan- 
taneous axis, or the next position. We may suppose IF to 
be an arc of the polhode or herpolhode. Let 00' be the 



I 




iTariable line, and 0' the point where it meets the tangent 
plane to the ellipsoid at /. Then if (//=)■', 01 — r, and ff 
be the angle which O'l makes with some fixed line in the 
plane 1 01 , 

Ss" = Bs' = //■" = Br" + r" (8^7. 
But if 3!, y, z be the co-ordinates of / referred to the 
principal axes, (Ss)' = (Sii'j'+ i^y'f -t- (S^)' 

= ^ {(SaJ' -H (8(.J' + (S«„)'], by Art. 72, 

refore proceeding to the limit 

\\dtj +'■ \di} k' 
Also since 00' 



'-^-C:^-m-^^- 



A r,. Art 72, 



' it ' 



a£da 

A" dt 



..(2). 



By Art. 71 we can express the right hand member of (1) 
in terms of ai. Hence from (I) and (2) we can exprea.i 

Ti and —r- , and therefore ,- and ,- , in terms of w. Whence 
dt at da dit> 

by integrating and eliminating w, r can be obtained in 
terms of ^. 
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We may notice that the quantity denoted by h^ is the 
vis viva of the body (Arts. 91, 96) ; while that denoted by if 
is the moment of momentum, or the angular momentum of 
the body, round the iuTariahle line (Arts. 88, 100, 101). 



1 
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EXAMPLES. CHAPTER V. 

An ellipsoid rotating, with ita centre fixed, about 
wine of its principal axes (that of x) receives a normal 
■blow at a point (A, k, I), If the initial axia of rotation after 
the blow lie in the principal plane of i/3, its equation is J 

c* (a' + c') (o' - i') ky + b' (a' + 6^ («' - c=) lz = 0. ■ 

2. The angular velocities of a body acted on by couple* ■ 
L, M,N round the principal axes, about which the moments 
of inertia are A, B, C, are w,, w^, 01^; shew that the angular 
velocities, in the body, of the instantaneous axis round the 
principal ases are " 

1 \m^N m^M f C-A ,_A-B X) 

and similar expressions. 

3. A, B, are the moments of inertia, —F, — 0,- 
the products of inertia, for rectangular axes fixed in space, i 

a rigid body rotating about a fixed origin, m^, w,, ai, tliej 
component angular velocities, and K^, K^, K^ the cumponent'4 
angular momenta about the same axes at the timef; 
Z=£C-i", />=(?//- ^tf, prove that 
-''' dF 



dt 

dt ~ 



dt ' 



2{SK^-GR\), 



dt 



= iC~B)K^^EK,-GK^ 



4. U two of the principal moments of inertia be equal. 
and the body begin to rotate about an axis perpendicular to I 
that of unequnl moment, under the action of a couple varying J 
as the cosecant of the angle which the instantaneous axiS'j 
makes with the axis of unequal moment, and in a plane pep><l 
pendicular to that axis, determine the position of the insto 
taneouB axis in the body in terms of the time. 
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If, with the usual notation, M = 0, N=0, and the 
body initially rotate about the principal axis to which A 
belongs, it will continue to do so if A he the greatest or least 
moment, but if it be the mean moment, the axis of rotation 
will always be in a plane through this axis whose equation ia 

6. A lamina of any form, rotating with an angular 
velocity <D about an axis through its centre of gravity perpen- 
dicular to ita plane, has an angular velocity, 

/A+B} 



1 upon it about ita principal axis of least moment, 
A and B being its momenta of inertia about the principal 
axes of mean and least moment; shew that ita angular 
velocities about the principal axes at any time t, are 



f A + B \^ 

[a-b)'" 



fA + l 



e^ + 6-"'- \A-BJ ~' e"' + €-"*' \A~B/ ^' + e 

and that it will ultimately revolve about its axis of mean 
moment. 

7. A rigid body, acted on by no force, moves in such a 
manner that the square of its angular momentum is equal to 
its vis viva multiplied by ita moment of inertia about its 
mean axis; prove that the plane through the invariable line 
and the mean axis rotates uniformly in space, and that, if 
be the inclination of the moan axis to the invariable line at 
the time t, 

log tan - = log tan 5 ^ \ ^ '-- Gt, 



B {AC}^ 

mere A, B, C are the principal moments of inertia of the 
>dy, O its angular momentum, and a the initial value of 0. 



K 

^^^P 8. If k* — Bh", prove that the polhode becomes a pair of 
^^Hnne curves formed by the intersection of the planes 
^^^4 (A- B)= ±zjG{iS-C) with the momental ellipsoid, 
B being the mean of the quantities A, B, C. 



CHAPTER VI. 



78. The principles and reaulta of the last chapter 
be utihsed for the investigation of the motion of a, body r 
point of which is fixed, by means of the two principles < 
Art. 24. AU the results of Arts. 71 — 77, apply to the case a 
a rigid body moving freely and acted on only by forces whoe 
resultant has no moment round the centre of inertia. Tb^^ 
oniy change is one of interpretation, that motions which wereS 
formeriy absolute are now to be considered merely as relatiy* J 
to the centre of inertia. 

79. There is one case of sufficient importance and 
frequency of occurrence to deserve separate mention, that of a 
body in the shape of a plane lamina moving in its own 



In this case a line through the centre of inertia perpesS 
diciilar tn the plane is a principal axis (Art. 40), and if a bfl 
the angular velocity of the body round this axis, or as it may^ 
be caUed, the angular velocity of the body in its own 
plane round the centre of inertia, we have by equation (1) 
of Art. C2, since a, = 0, m^, = 0, a?, = m 



Mt'°j'^.Xm(T^-Xs}.. 



..(1), ' 



if ^i-" be the moment of inertia of the body about the Uam 
through the centre of inertia perpendicular to ita plane. 

Also if X, y be the co-ordinates of the centre of inertia.l 
referred to axes iSxed in the plane of motion; hy equations 1 
(4)of Art. 25, ' 



E 
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These results apply also to the motion of a body not a 
plane lamina, when the motion of every particle is parallel to 
the plane of xy. 

80. If a plane lamina be acted on by inipniaive forces in 
its own plane ; the equation giving the nioliou round the 
centre: of inertia after the impulse ia by Art. 64, 

where ai, w'are the angular velocities before and after; X', Y' 
are the resolved impulses at the point {x, y). 

For the motion of the centre of inertia, we have by 
Art. 28, 

M{^-u.)=tX\ M(v'-v) = SF'. 

The resolved parts of the velocity of any point of the 
lamina parallel to the axes of x and y after the impulses are 
then u — yta and v' + xta'. 

If IT,, y be such that these both vanish the point {x, y) is 
instantaneously at rest and is called the centre of instantaneous 
or spontaneous rotation, 

81. Let us suppose a sphere rolling on a horizontal plane 
under the action of no forces but gravity. 

We may take any point in the horizonlal plane as origin 
and any two lines at right angles to each other in that piano 
as axes of a; and y, the axis oi z being consequently vertical. 

We will assume a to be the radius of the sphere and x,y,a 
as the co-ordinates of the centre of the sphere. Also let 
<«i, «>,• ". be the angular velocities of the sphere at any instant 
round axes through its centre parallel to the co-ordinate axes. 
Let R be the reaction of the plane and F„ F^ the resolved 
parts of the friction parallel to tlie co-ordinate ases. Let 
M be the mass of the sphere and Mk* its moment of inertia 
round any diameter. 
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The principles of Art. 24«, give for the motion of the centre 
of the sphere 




0=R-Mg 
For the motion round the centre we have by Art. 63, 

M]c'^=-Fm.\. 



.(1). 



dt 
^* dt 



= 



(2). 



These six equations are all the dynamical ones that can 
be obtained. As there are eight unknowns 

6>», 6>y, ««» X, y, F^, F^, R, 
we require two more equations. These must be geometrical 
and be obtained from the nature of the rolling. 

Let us first suppose that the friction of the plane is 

suflScient to prevent all sliding. In this case the instantaneous 

velocity of the point of the sphere in contact with the plane 

must vanish. By Art. 8, the velocities of this point parallel 

doc u/u 

to Ox, Oy, are --1- — a<o^ and -^ + aw,. 
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(3). 



Hence we have 

dx ^ 

-T^ + aa)« = 
dt * 

as the two additional conditions required. 

Secondly, it may happen that the friction of the plane is 
not suiBcient to insure perfect rolling. In this case the 
maximum amount of friction will be called into play in order 
to prevent the motion of the point of the sphere which is in 
contact with the plane. Hence, as a first condition, if /x be 
the coeiBcient of friction between the sphere and the plane^ 

F: + F* = ^'B* (4). 

A second property of friction is, that it always acts in a 
direction opposite to that in which motion is taking, or tends 
to take place. This gives as a second condition 



dy 
F, dt ' 



F, dx 



(5). 



di"^^^ 



82. From the first equation of (1) combined with the 
second of (2), we get 



Similarly 



^~d¥ " dt ~" 



(6). 



And if we assume the condition of perfect rolling, and sub- 
stitute for Q),, a>^ their values from (3), these equations give 



^-0 ^-0 



Whence 



2?;=:0, F^=-0. 

If therefore the ball be at any time rolling without sliding, 
it will continue to do so throughout the motion and the linear 
and angular velocities will remain uniform. 

A.D, 5 
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83. If when the ball is started the impulsive frictional 
action be not enough to ensure initial perfect rolling, the 
solution will be somewhat diflferent. 

We have from equations (1) and (2) 



^y 
F, de 


da>^ cPy 1 ^d(o^ 
dt df dt 


F, S^ 


rfft), d^x dm, ' 


df 


dt df " dt 



and by (5) 



dy 
F. dt^^' 



9 



Therefore 



F, dx 

—7- — day 

dt * 

cP?/ dft), d^x df»i 

^ dt df" ~at 

dy . dx 

dt '^ dt " 



Whence, integrating, 

log f -^ + aonA = ^^S (tj;; ~ ^^y ) + constant ; 

therefore -1- + aw, '^^VTf" ^®#) » 

therefore F^^G, F^. 

And therefore from (4) 

therefore F - -^^^ F —£tMSL 

thereiore ^'"Ji + O.' ^'- JlTC^- 

Hence the motion of the centre of the sphere is the same 
as that of a particle Acted on by a constant force in a constant 
direction, and its path is therefore a parabola, with a straight 
line as a particular case. 

84. If the plane on which the sphere is rolling be in- 
clined to the horizon at an angle a, and we take the line of 
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greatest slope in this plane as axis of x, tbe asis of y being 
consequently horizontal, the equations (1) of Art. SI are 
replaced by 



I 

seci 



M ,^,=F,~Mff sin a 

-s=^ 1 <"■ 

= ^ — Mg cos a .i 
The equations (2) require no alteration. 
Eliminating F^ between the first equation of (C) and the 
nnA of (2), we obtain 









lilarly 

If the conditions of perfect rollio 
buting for w^ and w, we get 

tPa! o'ff sin a 
di*^" a' + k* ' 



be satisfied, sub- 



d^ 



= 0. 



Hence the path of the centre of the sphere is a parabola, 
since these equations are the same in form as those which 
give the motion of a particle acted on by a constant force in 
a constant direction. 

85. The preceding Articles furnish sufBcient exempU- 
fications of the motion of a sphere acted on by finite forces. 
As an example of the treatment of the question when im- 
pulsive forces come into play we will suppose a sphere 
moving ill any manner on a smooth horizontal plane to strike 
a vertical rough plane. 

We will take the normal to this latter plane as axis of x, 
and the axis of z vertical, 

Ldt u, V be the velocities of the centre of the sphere 
uallel to the axea of x and y before the impact ; u, v' the 
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values of the same quantities after impact. Let m^, oi,, 6), he 
the angular velocities of the sphere round axes through its 
centre parallel to the co-ordinate axes before the impact, 
o),', taj, CO,' the values of the same quantities after. 





iirection of the normal'^^B 
respectively, F,, F, the ^^ 



Jet B,, m he the imi 
on the vertical and horizontal pi: 

frictional impulses on the former plane parallel to the- axes of 
V and z respectively. Then, assuming that the ball does not 
jump from the horizontal plane, by equations (2) of Art, 5)8 
M{u'~u)=-E; M(i/-v) = F^; Q=R + F,. 
And by equations (1) of Art. 64: 
3fif K'-wJ=0, Mli^(a,;~o,,) = -aF,. Mk'{to;~t^,) = aF,.f 

If we suppose the vertical plane sufficiently rough 1 
[ prevent any slidiiig, we have, by the formulse of Art. V 

u =0,v' + a<u,' = 0, - ao)/ = 0. 
These nine equations enable us to determine 

u'. v', ioj, w/, «;, R, R, F,, F,. 



We easily obtain 



* therefore 



% (av — k'tD^ ^ 



}^ 



_ /^Q>, — av 



and the other quantities can be easily found. 



ON MOTION OP A FREE BODY IN SPACE. 69 

86. We have supposed the sphere inelastic. If this be 
not the case we tnow that a new normal reaction = eR comes 
into play. This will not affect either the dynamical or 
geometrical conditions which determine v' or ai/. It will 
alter the velocity of the centre of inertia parallel to Ox. If 
h" be the final value of this velocity we shall have 
M{v:'-u') = eR. 

And, since u' = 0, this gives Ala" =eR= — eMa.; 
therefore u" = — eu. 

If ^, 1^' be the angles which the line of motion of the 
centre of the sphere makes with the normal to the vertical 
wall before and after impact. 



Hence 



2a' 



ii{a,' + k') 



eia' + H') 



tan if). 



or, since k* = ~~ (Art. 47), 



■ . tan i}> . 



I 

^^^r The ratio of tan <t>' to tan i^ may thus be made to assume 
^^^Ejny desired value by properly adjusting the value of — -' . 

^^B 87. If there be a number of bodies connected together in 
^^^^ way and mutually acting on one another, the principles 
laid down will enable the student at least to obtain th& 
equations of motion. These must be written down for each 
body separately: three for the motion of the centre of inertia 
of that body and three for the motion round it If there be 
n bodies there will consequently be 6n dynamical equations. 
In these equations will occur the unknown forces of constraint 
between the different bodies. Each such force will however 
bring in a corresponding limitation of the geometric conditious 
of tJie question, and from this limitation we shall be able to 
' a geometric condition between some of the 6n quantities 
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tfaeoretically necessary to determine the positions 
I bodies. There will thus always be as many equations 
unknown quantities, and the problem is therefore reduced 
a question of the powers of analysis to solve these equations. 
Tliere are certain general principles which will in moat 
cases enablecs to obtain one or more integrals of the equations 
of motion. These form the subject of the next chapter. 



EXAMPLES. CHAPTER VI. 

1. Shew that a lamina rotating about an axis in i 
plane can generally be reduced to rest by a single blow. 

2. A plane lamina moving, either about a fixed axis o 
instantaneously about a principal axis, impinges on a ir& 
inelastic particle in the line through its centre of gravity p 
pendicular to the axis of rotation at the time of impact, 
the velocity of the particle after impact be the maximia 
velocity, prove that the angular velocity of the lamina will I] 
diminished in the ratio of 2 : 1. 

3. A uniform rod of given length and mass is hinged at 
one end to a fixed point and has a string fastened to its other 
end passing over a pulley in the same horizontal line with 
the fixed point and at a given distance from it greater than 
the length of the rod. At the other end of the string hangs 
a given weight. Initially the rod is horizontal. Find how 
far the weight will ascend. 

4. An inelastic rod of length 2o falls inclined at i 
angle 6 with the vertical and strikes a smooth horizonta, 
plane. Shew that it immediately acquires an angular velooiHj 

V" 3 sin 5 „. . .^ . , -^ 

— . ,:i — ^ ■ 1 A , , V bemg its previous velocity. 
a (1 + 3 sm' 8)' e> f j 

5. A uniformly revolving rod, the centre of gravity <] 
which is initially at rest, moves in a plane under the actii^ 
of a constant force in the direction of its length ; prove that 
at the end of any time from the beginning of the motion 
the square of the radius of curvature of the path of the rod's 
centre of gravity varies as the versed sine of the anglfi 
through which the rod has revolved. 
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A wheel, of mass M and radius c, rotates in a vertical 
plane about its centre, which is fixed. A heavy uniform rod, 
of mass M' and length 2u, has one extremity fastened to 
a point in the circumference of the wheel, and the other 
moves freely in a vertical smooth groove passing through the 
centre of the wheel. Determine the motion, 

7. A smooth semi-circular disc rests with its plane 
vertical on a smooth horizontal table, and on it rest two 
equal uniform rods, eacli of which pas.'ies through two fixed 
rings in a vertical line. If the disc be slightly displaced, and 
if, in the ensuing motion, one rod leave the disc when the 
other is at the highest poiiit, prove that 

3f _ 2 (2 sin a — 1 — sin ^1 — sin y9 cos /9 
m sin"y3 ' 

r. m being the masses of the disc, and either of the rods re- 
spectively, a the angle which the radius to either point 
of contact, in the position of equilibrium, makes with the 
horizon, and (S being equal to cos"' (2 cos a). 

8. A circular dUc falling vertically impinges with velo- 
city V on a rough obstacle at a point at an angular distance 
of 45" from the lowest point of the disc. If the coefficients 
of normal and tangential elasticity be each unity, prove 
that the latus rectum of the subsequent path of the centre of 



Explain the method of treating questions involving 
B rolling and slipping of one rough cylinder on another. 

A uniform circular ring moves on a rough curve under 
the action of no forces, the curvature of the curve being 
everywhere less than that of the ring. If the ring be pro- 
jected without rotation from a point A of the curve and 
begin tn roll at a point B, the angle between the normals at 
A and B is log 2 -r fi, where /i is the coefficient of friction, 

10. A sphere is partly rolling and partly sliding on a 
Ugh horizontal plane. Shew that the angle the direction 
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I of friction makes with the axis of x is tan ' 

L Ijeiug the initial velocities, fl, and il, the initial angiiled 
^velocities. 

11. A circular disc, capable of motion about a vertics 
"axis through its centre perpendicular to its plane, is i _ 

in motion with angular velocity fl, and at a point very near 
. the centre of the disc is placed a rough uniform sphere; 
shew that when the sphere leaves the disc, the aogular velo- 
city of the disc is _ 

7mn J 

M, m being the masses of the sphere and disc. ^ 

12. A ball spinning about a vertical axis moves on a 
Bmooth table and impinges directly on a perfectly rougl 
tical cushion ; shew that the vis viva of the hall is dimioiahec 
in the ratio 10e' + 14tan'ff : 10 + 49 tan' 5, where e i 
elasticity of the ball and 6 the angle of reflexion. 

13. A billiard ball, of radius a, rolling in a straight lino 
with velocity V, and rotating with angular velocity w about 
a vertical diameter, strikes a cushion at an angle a. The co- 
eflScieuts of normal and frictional ela-5ticity between the b 
and cushion are the same, and the friction is sutHcieoi 
to prevent sliding, the table being supposed smooth. Shenij 
tbat whatever be the elasticity, the ball after impact i 
return along its former path, if 

2aw = 5 Fcos a. 

H. Shew that if the table be roiigh in the last question,"* 
I and the coefficients of normal and frictional elasticity be the 
[ same for the table as for the cushion, and the ball be rolling 
I without sliding when it impinges, the condition for the _ 
LsEime thing wUl be 

2(iw> = 7Fcos2. 

15. A billiard ball at rest on a table receives a blow i . 
[ a given direction : supposing the table to be so inelastic tha^ 
[ the ball does not rebound, prove that, if the coefficient o" " 



ihed^ 
th^H 

line 

)out 

CO- 

t wO^H 
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pulsive friction ^ = */ ^ , the ball will begin to roll without 
sliding, provided that the point where the ball is struck lies 
between two certain circles on the surface of the ball, whose 
planes are equidistant from its centre aud one of tliem hori- 
zontal. Determine also the limits within which the blow 
must be delivered, in order that there jnay be no initial 

sliding, when /* is greater or less than */ ^ - 

If the ball be so struck that it begins to slide as well as 
roll, prove that, when its sliding motion is destroyed by 
friction, its ultimate direction and velocity will be the same 
as if the friction had been sufficient to cause it to roll with- 
out sliding at first : the coefficients of finite and imputsiva 
friction being supposed to be equal 

16. Every particle of a sphere of radius a, which ia 
placed on a fixed perfectly rough sphere of radius c, ia 
attracted to a centre of force, on the surface of the fixed 
sphere, with a force varying inversely as the square of the 
oistaQce; if it be placed at the extremity of the diameter 
through the centre of force and be then slightly displaced, 
determine its motion ; and shew that when it leaves the 
fixed sphere the distance of its centre from the centre of force 
is a root of the equation 

20*' - 13 (2o + a) a;' + 7a (2c + o)' = 0. 

17- A rough cylinder of mass 2nj«, capable of motion 
lut its horizontal axis, has a. particle of mass m and co- 

_ cieut of friction fi, placed on it vertically above the axis. 

The system ia then disturbed. Find the motion and shew 

that the particle will slip on the cylinder after it has moved 

through an angle $ given by the equation 

(n + 3) M cos e - 2/i - 71 sin 6 = 0. 

Find the subsequent motion until the particle leaves the 
' ider. 



^^niiu 



CHAPTER VII. 



ON CERTAIN GENERAL PRINCIPLES. 



i8. The product of the masa of any moving particle 
into its velocity is called the momentum of the particle. 

The momentum of a tody or collection of bodies is th^ 
sum of the momenta of all the particles of the system. 

The momentum of a particle resolved in any direction ii 
[ the product of the mass into the resolved part of the velocitm 
1 in that direction. 

The momentum of a body or system of bodies resolved td 
* any direction is the sum of the momenta of all the particl 
\- resolved in that direction. 

The moTnent of the moTuentum of a particle round any Km 
ia the product of the momentum of the particle resolved pep 
pendicular to the line into the least distance between the 
line and the direction of motion of the particle. This is 
sometimes called the angular momentum of the particle about 
the line. 

The moment of viomentum of a body or system of bodies 
I about any line is the sum of the moments of momentum of 
f the several particles of the system about that line. Ttiis is 

.sometimes called the angular momentum of the body aboutJ 
I the line. 

89, The first principle is that of Conservation of lAnean 
Momentum, and may be enunciated as follows : 
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If a system of particles be acted on by forces the sum of 
rtose resolved (larts in any given direction vanishes, then the 
lomentum of the system resolved in that direction is con- 
stant. 

Id the case supposed, if the given direction be taken aa 
axis of X, we have by the first equation of (1) of Art. 23 

- (Pa: _ 
2w> j3 = ; 



"dt' 



constant (1), 



which proves the proposition. 

The result of Art 2C may be compared with this prin- 
liple, and deduced from it as a particular case. 

90. The second principle, that of the Conservation of 
Moinent of Momentum, or, as it was foroierly called, the Con- 
lation of Areas, may be enunciated as follows : 

If a system of particles be acted on by forces whose 
lultant has uo moment round any fixed straight line, the 
Binent of the momentum of the system round this line is 
ist&nt. 

For if this line be taken as the asis of s, by the last of 
e equations (2) of Art. 23, 



df 



~y 



-0; 



Brhence, by integration, 



V dt ^ dt) 



constant = A, (2). 

Now the velocity of the particle m resolved perpendicular 

\ the axis of z consists of -.-j parallel to Ox aud -~ parallel to 

The moments of these resolved parts round Oz are 

Klively-j^and:.^. Conseqmntly ».(«g-J,^,) 

)he moment of the momentum of m round the axis' of x. 
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i 

^^B s.ad Sin (x "J- — y -J-] is the moment of the momentum oi 

^^B the system round the axis of s. 

^^M la the application of both of these principles the intemi 

■ : " 



t 
I 



actions between the different bodies of the system may b 
omitted from consideration in virtue of the general principld 
that the action and reaction between any two bodies whetnetl 
tending to give them translation or rotation are equal and'l 
opposite. This will not be the case with regard to the nexfc^ 
principle. 

91. The product of the mass of a particle into the 
square of its velocity is caUed the vis viva of the particlo. 
The half of the vis viva is called the kinetic energy of the . 
particle. The vis viva or kinetic energy of a body or systenM 
of bodies is the sum of the vires vivce or kinetio energieim 
respectively of the several particles of the system, I 

Let us suppose that the forces acting on the severaU 
particles of a system depend only on the position of thxm 
particles and alwaya have the same value when ihtM 
particles return to the same positions. Let X, 1', Z be thM 
resolved parts of the force acting on a particle of mased 
m whose co-ordinates are x, y, a paraUel to the axes. Thei» 
we know that Xctc-I- Ydy + Zdz is always an exact differen-^ 
tial of some function of x, y, z. If we call this functioin 
— U, so that Xdx + Ydy + Zdz = - dU, in U is called tb^ 
potential energy of the particle, ■ 

The potential energy of the body or system of bodies vam 
the sum of the potential energies of the different particles. ^ 

92. The third principle, that of Conservaiion of Energ;^ 
r may be enunciated as follows : ■ 

If a system of particles be in motion under the action o9 
any conservative system of forces, that is of forces wbicbJ 
depend only on the position of the particles, then tbrougboufl 
the motion the sum of the kinetic and potential enei^ies (^M 
the system is constant. I 

I This principle is sometimes called the Principle of Vv^ 
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By D'Alembert's principle the impressed forces 
acting on the particles of the body are in equilibrium with 
the reversed effective forces. Hence if Sx, Sy, Ss be any 
displacements of the particle mi at {x, y, z) parallel to the 
axes, consistent with the geometrical conditions of the 
system, by the Principle of Virtual Velocities we have 

since „(x-S.«.(r-S),™(Z-S) 



fr"! 



are the forces acting on the particle m in the directions of the 
displacements Bx, Si/, Be. 

Now among the possible values for Sx, By, Se are the 

lacemonts -^ Bt, -j- Bt, -j- Bt of the particle m during 

indefinitely small time Bt. If we consider them to have 
these values, we may deduce as one result of (3) 

if V be the velocity and mU the potential energy of the 
Icle m. 




•■(4), 



by integration, 

^Sniu' + Sm 17= constant 
ich proves the principle. 

94. These principles give nothing beyond what may be 
luced from the equations of motion of any body to which 
ley apply. They often guide us to integrals of those equa- 
tions which without their help might be difficult to find, and 
occasionally give us all the results we require. A lame 
number of the forces acting on the bodies of the system will 
not come into eitlier of these equations. It has been already 
remarked, that all the internal actions between the different 
parts of the system are to be omitted from consideration in 
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the equations of Conseryation of Mnmentum and of Moment of 
Momentum. This is true even if impiilaive actions or expto- 
sions and disruptions of a mechanical nature take place during 
tbe motion. 

In the equation of the Conservation of Energy all forces 
Kinay be omitted whose points of application either remain 
■ unchanged during the motion, or are always displaced in a 
■■direction perpendicular to the line of action of the force. 



^^T-?^^Z^„I..i,.„=wB 



■For all such forces as these X-r: + Y-^ + Z-j- obviously 

I vanishes. All mutual actions between two parts of the sys- 
tem whose distances remain unaltered may also be omitted, 
I for it is evident that the action and reaction will in this case 

I give equal and opposite values of X-j- + 1'-^ + Z-n- Forces 

between mutually attracting particles whose distance can vary; 
will obviously however form part of the potential energy. 

95. In order to apply any of these principles to the 
solution of problems we must investigate the calculation 
of the kinetic energy and moment of momentum of a body 
moving in any manner. 

We will first prove that the kinetic energy, and likewisSi 
the moment of momentum of any rigid body, consists of ti 
parts, one due to the motion of translation of the centre 
inertia and equal to what would be its value if the whc 
mass were collected at that point; the other due to rotatit 
round that centre, whose value is the same as " 
centre were stationary. 

Let X, y, z be the co-ordinates of any point refei 
to axes fixed in space ; S, y. 3 the co-ordinates of the cei 
of inertia referred to the same axes; »', y, z' the co-ordinati 
of the point (.c, y, z) referred to parallel axes through t' 
centre of inertia. 

Then a} = X'\-x', y = y-\-y', e = z + z'. 

Also %nx' = Q, Smy = 0, Xms' = (1), 

by the properties of the centre of inertia ; 

therefoie Sm^ = 0, trn-f^ = 0. Sm^^'^O {2). 

dt lit dt ^ ■* 



I 
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Hence the kinetic energy of the system 



HX-0"HI)'-(S)] 



d^^ dx dy ^ dy' dz ^ dz 

if V be the velocity of the centre of inertia, and v' the velocity 
of {x, y, z) relative to this point. This proves the proposition 
for the kinetic energy. 

Again, the moment of momentum of the system round the 
axis of 2^ 

^ /-dy -d^ . ^ / f^/ ,d^'\ 

-H^t-ytVH'^-y'i) 

by (1) and (2) ; which proves the proposition for the moment 
of momentum. These results may be compared with those of 
Art. 32. 

96. The latter part of each of these expressions can be 
reduced by means of the formulae (8) of Art. 7. 



ISO 
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V-2o,.m,Sm 



The portion of the kinetic eaergy due to rotation roiu 
the centre of inertia becomes thus, 

J tm ((/», - s'»,)" + (»:■», - z^.)' + (j'«,.- .■»,)'!, 
[:if (u^ (D„ (u, be the angular velocities round the axes. 
This reduces to 

— 2o)^(u,2ray'a' — 2. 

with the notation of Art, 34, 

= \ Im' by the same Article, 
where I is the raoraent of inertia about the inatantaneoiri 
axis and to the resultant angular velocity, the direction 

cosines of the instantaneous axis being - 

It follows from this result that equation (4) of Art. 71 ^ 
merely the expression of the principle of C 
Energy in that particular problem. 

97. The portion of the moment of momentum rouo^a 
I* the axis of z due to rotation round the centre of inertia is 

= 2m [a;' {x'w, - a'wj - y' (z'w, - ya,)] 

\ and similar results for the moment of momentum round t 
1 other axes. 

If the axes be principal axes the moments of momentun 
I round the axes reduce to Aa>^, fiw^ and Cm, respectively. 

18. If I, m, M be the direction -cosines of any line OP. 
\ the moment of momentum of the body round this line wiS 
I be equal to Ih^+mh^+nh,, where h^, h,, A, are the momenta 
[ of momentum round the axes. This follows from the f 



^that 
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tnat the moment of momentum of a particle of mass fi,, round 

any line as the axis of z, can be expressed as 2/i --^ , where 

A is the sectorial area described by the projection of the 
particle on the plane of asy round the origin. Thus the 
portions of ft,S(, h^t, hBt arising from the motion of this 
particle are ultimately the products of fi into the projections 
on the co-ordinate planes of the area of the triangle whose 
angular points are the origin and two consecutive positions of 
the particle, and the projection of this triangle on the plane 
perpendicular to the line OP multiplied by fi, will give the 
corresponding terms in {Ik^ + ntA, + mAJ St. 

99. The result of the last article can also be proved 
analytically in the following manner. 

Let a new set of fixed rectangular co-ordinate axes be 
taken, of which OP is one ; and let I', m', n' ; Z", m", n" be the 
direction-cosines of the other two. Let x', y', t be the 
co-ordinates of the point {x, y, z) with reference to these new 



I 



Hence y' = Ix -t- m'y + tiz 



,d\i ,„ , ,-.{■/, dx ,,dy „ds\ 

„ , f„dx ,dy 



-{l"x + m"if+n"z) 
t I It ,. <- f ^^ dy\ , ,,„ „„. f dx dz\ 

+<"»» — '"H''s-'ij+<"' -"'^['Tt-'dtj 

{ da dx\ ,/ dz dv\ t dx dz\ 

=''['i-idi)+'[''di-'i)+"['rt-'s) 

by means of the usual relations between I, m, n, V, in, n, 

This proves the proposition for one particle, and by sum- 
mation it follows for the whole system. 
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100. If a body be moving about a fixed point aad ft,, h^, Aj 
I be at any time the moments of momentum about the co-1 
1 ordinate axes, the equations of motion can be written 

-d'^- -dt-"' -di'"- 

If the forces acting have no moment about the fised poiitj 

I BO that L, M, N all vanish, it follows that A,, h^, A, are al 

constant in value. Thus the moment of momentum rounq 

any line fised in space will be also c onstant. 

If we assume a quantity H= Jh' + k^' + A/, there i 

be a line whose direction-cosines are -frt -A, -fr , and if 5 be 

the angle between this line and any other line whose direc- 
tion-cosines are 7, m, n ; the moment of momentum of th^ 
body round this second line = /A, + mk^ + jiA, 

= H cos e. 

, Hence the moment of momentum round the line (t„ m , n,^' 
I is always less than H except wheo = 0. The line whose 

direction-cosines are proportional to A,, h^ h^ has therefore the 
I property that the moment of momentum round it ia greater 

than that round any other axis. ^ 

It is obvious firstly that this line is fixed throughout tin 

motion, and secondly that it is the same line whatever axei 

may be taken. 

101. If the axes at any Instant coincide with the prind* 
I pal axes at the fixed point, by Art. 97, h^ = Ao>^ k^= Bw^ 
I \ = Cfo^ Hence the line round which the moment of 
I momentum is a maximum, coincides with the invariable line 
1 of Arts. 72, 73. We thus obtain another proof of the 

invariability of this line in space. 

We see also that equation (5) of Art. 71 is merely thm 
expression of the result given by the law of Conservation o 
Moment of Momentum, 

102. The proposition of Art. 100 applies to the moti(», 
a system of bodies acted on only by their mutual attraction! 

or repulsions. In every such system by Art. 26, the centre 
of inertia is either fixed or moves with uniform velocity in a!l 
straight line. 



1 
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If this point be taken aa origin the equations of motion 
are the same in form as if it were a fixed point, and iii virtue 
of the principle that action and reaction, whether they are 
linear or angular in their mechanical tendencies, are alwaya 
equal and opposite, i, 3/ and JV" all vanish for the whole system. 
Hence the moment of momentum of the system round any line 
through the centre of inertia remains constant through the 
motion : and there is one line round which this moment ia 
greater than round any other. This line is called the invari- 
able lino of the system, and a plane through the centre of 
inertia perpendicular to it is called the invariable plane. 

103. The principles of Conservation of Momentum and 
of Moment of Momentum hold good even if there be any im- 
pulsive actions, or if any explosivo actions, entirely arising 
within it, take place between the parts of the system during 
the motion, 

104. In the case of a single body moving in a plane the 
expressions for the kinetic energy and moment of momentum 
are somewhat simplified. 

Let us take the plane of motion as plane of irw and let 
X, y be the co-ordinates of the centre of inertia. Let also B 
be the angle which some line fixed in the body makes with 
the axis of cc, M the mass of the body, and J/i its moment 
of inertia round a line through the centre of inertia perpen- 
dicular to the plane oficy, which, if the body be a plune lamina, 
or symmetrical with respect to tlie plane of xy, ia a principal 
axis (Arts. 38, 40). Then, by Articles 95 and 96, the kinetic 
energy of the body can be expressed a 



cles 95 and 97, the moment of momentui 
;rpendicular to the plane of try will be 

^^i-!'s) + ^** <-)• 

tion of the centre of inertia be given by pola 
md 0, we know that 



while, by Articles 95 and 97, the moment of momentum 
round a line perpendicular to the plane of try will be 

/'^i-!'s) + ^** <-)• 

If the position of the centre of inertia be given by polar 
co-ordinates r and 0, we know that 
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_dy _d^ ,dA ,,^ 

'=dt-'<lTi = ''-df <^'' 

wbicli give us other forms, sometimes more convenientj fo| 
I the kinetic energy and moment of momentum. 

105. Aa an instance of the application of these principle 
I let us take the following problem. 

Two unifonn rods AB, BC jointed at B can rotate freel^ 

I in a horizontal plane about the end A which is fixed. It iffl 

} required to find the positions and velocities of the rods at xay\ 

time. 




Let AB, BG make angles 0, <}> with some fixed line Aw i 
the time t, and let x\ y' be the co-ordinates of the middle* 
point of BG, referred to Ax and a line perpendicular to it 
through A as axes. Let AB= 2a, BG = 26; let M, M' be the 
masses of the rods, and k, k' their radii of gyration about 
their centres of inertia. Then the actions of the rods on 
each other at B, and the action of the fixed point at A will 
not affect either the energy or the moment of momentum. 
Hence by the principle of Conservation of Energy, 

Also by the Conservation of Moment of Momentum, 
.dy' 



M(a' + U 



'S--{ 



dt 



dt\ 



h M'k" 



= constanu 



The values of the constants must be determined fromf 
' initial circumstances. 



F 
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From tlie geometry we obtain 

d = 2acos^ + 6 cos ^, 
y' = 2a sin 6 + S sin 0, 



©^(f)"-«-(S)^'-(f)'-«-*-^)Sf- 



•■t-"'^ 



,dJ 



' ii^ 



4t^ 



,s(0-&)(^ 



•d^ rf0\ 



Thus the two equations above enable us to determine 
-J- and ^ in terms of constants and {ij)—0). 

106, It may not be without value to the student to 
solve the above problem by the use of the general equations 
of motion. 




' We may assume that the action of the fixed point A on 
AB has for coniponents parallel to the axes X', i", and that 
the action of AB on BO at B has for components in the same 
directions X, Y. The action of BC on AB is exactly equal 
and opposite to that of AB on BC. Let x, y be the co-ordi- 
nates of the centre of inertia of AB, and let other quantities 
be denoted as in the last article. Then by equations (2) of 
Art. 79, we have for the motion of tho centre of inertia of AB, 



J/g = J-X.. 



.(1). 
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and by equation (1) of the same article 

Mk'^^{X-\-X')a^ixie-{Y+ r)acos0 (3). 

The geometrical relations give 

aj = acos^, y = asin ....(4). 

We may notice that by equation (6) of Art. 52, since A is 
a fixed point we can at once write down the equation 

M(a' + J(^)^=Xa8m0'-Yacos0 (5), 

which may replace (1), (2) and (3) if we do not wish to find 
the values of X' and Y'. Equation (5) can also be obtained 
from (1), (2) and (3) by eliminating JC' and Y' since by means 
of (4) it is easily proved that 

_|cosd-^sm5 = a^. 
For the motion ot BG, we similarly have 

^w=^- («)' 

^w-""' r>' 

M'k'" ^ = Xb8in<f>-Ybcoa<f>...{8). 

and for geometrical relations 

a;' = 2a cos ^ + 6cos^, y = 2osind + 6sin ^ (9). 

107. If we multiply (1) by g, (2) by J, (3) by ^ , 

(6), (7) and (8) ^7 "37 » ^ ^^^ "^ respectively and add all 

the results, the coefiicients of X\ Y\ X, and Y will vanish 
identically by means of (4) and (9). The coefficient of X for 
instance is 

dx , . ^d0 , dx' . , . , dd> 
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= a sm ^ -r + a sm ^ -j7 — 2a Sin ^ -J- — 6 Sin 6 --g^ 
dt at at ^ at 

+ J sin ^ -^ = 0, 

by dififerentiating the first equations of (4) and (9). 
Hence 

\df dt "*" dt^ dt^^ dt' dO U^' dt^ df dt^ df dt] ~ 

Therefore integrating 

which is the same as the first equation of Art. 105. 

Multiplying (1) by — y, (2) by x, and adding to (3) we 
get in virtue of (4) 



M- 



-¥lc? 



de 



• =X. 2asind— F.2acosd. 



Treating (6), (7) and (8) similarly, we get by means 
of (9), 

And by adding these and integrating we get the second equa- 
tion of Art. 105. This problem may serve as an example 
of the method of deducing the equations of conservation of 
energy and moment of momentum from the regular equa- 
tions of motion in any cases in which the principles apply. 

108. It only remains to show how the constants may be 
determined from initial conditions. 

Suppose as an instance that the rods are originally lying 
at rest in a straight line, and that an impulse P is applied to 
the middle point of J5(7 at right angles to its length. There 
will be a sudden impulsive action between AB and BC s.t B 
and also a sudden impulsive action at A on AB. Let these 
act as represented in the figure. Let u\ v' be the initial 



w 
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velocities of the centre of inertia of BC along and perpen- 
dicular to BO, u, V those of the centre of inertia of AB, and . 
let eo, w be the initial angular velocities of AB and BG. , 
Then by Articles 28 and (i4 wc have for the motion of AB, 



1 J ^ 



IIu=r-X, Mv=Y-\-T, Mk-'a, = {Y-r)a...{\); 

^and for the motion of BC, 

M'u' = X, Mv'=F-Y, Ark'W=n (2). 

Also the velocity of tbe point A vanishes, whence by I 
F Art, 8, ■ 

M = v-am = (3). 

And the velocity of the point B in JB is the eamaj 
I SB that of the point B of BC, whence 

M = w', V + aa> = v' — b(o' (4). 

These equations give at once 

M = O,u' = 0,X=O,Z' = O, 
Land by snbatituting for v, v', co, m' their values fronxj 
[ (1) and (2) in (3) and (4) we get 

y+r-^(r-r)=o 
r+y'4|[(F-r) p-r-^,Y 

' ~M ^ W ■ 

whence yand I" are found, and then at and a>' which are the] 
1 values of -j- and -j- . The constants on the right-hai 
of the equations in Ait. 105 can then be determined. 
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A similar investigation will determine the angular 
velocities if the rods be originally moving in any manner and 
strike against a fixed obstacle; or if one point becomes fixed. 
The reactions at the fixed point are unknown, but the 
geometrical condition of the point being fixed will supply the 
other equations necessary for determining them. 

11. A straight tube of given length is capable of turning 
ut one extremity in a horizontal plane; a particle of mass 
one-third that of the tube is placed at a given point within 
it at rest, an angular velocity is given to the system, deter- 
mine the velocity of the particle on leaving the tube, 

2. A horizontal tube is rotating about its middle point 
in a horizontal plane in which it is constrained to move; a 
rod of equal length and mass is shot into it; determine the 
initial velocity of the rod that its middle point may just 
reach that of the tube; and during the motion determine at 
what point the resultant action between the two acts, 

3. A heavy circidar disc is revolving in a liorizontal 
plane about its centre, whidh is fixed. An insect walks from 
the centre uniformly along a certain radius, and then flies 
away. Determine the whole' motion. 

4. A circular disc is moving uniformly with an angular 
velocity il, about an axis tbrbiigh its centre perpendicular to 
its plane. An insect alights on the edge and crawls along a 
curve drawn on the disc in the form of a lemniscate, with 
uniform relative angular velocity a, the curve touching the 
circle. If a = J II, and maes of insect = jV i^^ss of disc, then 
the angle turned through by the disc when the insect arrives 
at the centre is equal to __ 

— -- tan 
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i. A rougb horizontal plane lamina is capable of ro- 
Itating freely round a vertical axis. If a heavy particle of 

i m be placed at any point upon it, and an angular 
I Telocity tn be given to the plane, show that the length of \ha^ 
I arc traversed by the particle on the plane when it just o 

I to rest relatively to the plane will be w((d — &>'); i 

I being the ultimate angular velocity, Mlc' the moment i 
I inertia of the la.mina nbjnt the axis of revolution, and /t tbi 
\ coefficient of friction, 

J. Three equal rods placed in a straight line are join' 
I by hinges to one another, they move with a velocity v per*i 
I pendicular to their lengths: if the middle point of ths 
I middle one become suddenly fixed, show that the extremitiej 

I of the other two will meet in time -^ — , a being the lengl 

' of each rod, 

7. Three equal uniform inelastic rods loosely jointe 
together are laid in a straight line on a smooth horizontiS 
table, and the two outer ones are set in motion about th.^ 
ends of the middle one with equal angular velocities (1) itf, 
the same direction, (2) in opposite directions, prove that, u£l 
the first case, when the outer rods make the greatest b ^" * 
with the direction of the middle one produced on each sid^l 

the common angular velocity of the ihree is -=- , ant 

second case, that after the impact of the two outer rods, the ti 
angle formed by them will move with uniform velocity equal fl 

—TT' , 2a being the length of each rod. 

8. AB, BC are two equal uniform rods in a straight li 
loosely jointed at B and moving with the same velocity in.||_ 

I direction perpendicular to their length; if the end A be 
I suddenly fixed, show that the initial angular velocity of AB 
t-ia three times that of BC. Also show that in the subsequent 
' motion of the rods the greatest angle between them equal 
cos"' I, and that, when they are next in a straight line, tlu 
angular velocity of BG ia oioe times that of AB. 
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A wire in the form of a circle ia capable of revolving 
in a horizontal plane about a fixed point in its circumference, 
and two small rings attached to the ends of a rod slide upon 
it; the wire is set rotating with a given angular velocity: 
determine the subsequent motion. 

10. A square, formed of four similar uniform roJa 

i'ointecj freely at their extremities, is laid upon a smooth 
torizontal table, one of its angular points being fixed; if 
angular velocities w, a in the plane of the table be com- 
municated to the two sides containing this angle, show that 
the greatest value of the angle (2a) between them is given by 

the equation, cos 2a = — ^ --„ k-. 

G oT + to* 

11. A rectangle is formed of four uniform rods of 
lengths 2a and 2b respectively, which are connected by 
binges at their ends. 1'he rectangle is revolving about its 
centre on a smooth horizontal plane with an angular velocity 
w, when a point in one of the sides of length 2a suddenly 
becomes fixed. Show that the angular velocity of the sides 

of length 26 immediately becomes ;= — — r^ w. Find also the 

change in the angular velocity of the other sides, and the 
impulsive action at the point which becomes fixed. 

12. A uniform rod is moveable freely about one end on 
a horizontal table, and the other is fastened to a particle of 
equal mass by a string of equal length with the rod. Initially 
the rod and string are in one straight line, the particle at 
rest, and the rod has an angular velocity given to it. Sbow 
that when they are again in a straight line, the angular 
velocity of the string is to that of the rod as 5 : ■!• and the 

greatest angle between the string and rod is cos"' ^ 

13. Two uniform rods OA, AB of lengths 2a, 26 and of 
masses proportional to their lengths are hinged at A and are 
rotating round the fixed hinge in the same straight line 
and with the same angular velocity when the outer AB 
comes against an obstacle P. If the position of this be such 



I 




i 
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to instantaneoua rest, prove ■ 



;aa to reduce both rodi 
:/)P = W 3^^ + 26 

A system coneisting of two straight roda rigidlyJ 
connected together at their points of intersection is moving 
in its own piano so that each rod is in contact with one oh 
two smooth pegs. Prove that no impulse which acts at thfl^ 
point of intersection and towards the centre of the circl^ 
round the point of intersection and the pegs can have aa^ 
effect on the motion, 

15. A uniform rod of length 2a can turn freely about 

[one extremity. In its initial position it makes an angle of 
90° with the vertical, and is projected horizontally with 
angular velocity ra: show that the least angle it makes with ■ 
the vertical is given by the equation ■ 

iao)" cos 9 = 3g sin' 0. I 

16. A rod of length 2a moveable about its lower end* 
is inclined at an angle a to the vertical, and it is given a 
rotation w about the vertical; if be its inclination to the 
vertical when its angular velocity about a horizontal axis is a 

1;^ maximum, show that 

sin' . tan + ^-o}' sin' « = 0. 

17. A body whose centre of gravity is fixed receives i 



I blow P, the direction-cosines of which are 



\'JO-B 



^G-A" 



A, B, C being the principal moments at the e 



I VO- 

r of gravity of the body. Prove that the whole vis viva geni 
I rated varies as the square of the perpendicular from G ( 
\ the direction of P. 

Two uniform unequal rods AB, BO are hinged at 1 
and supported in one vertical line so as just to touch a 
smooth horizontal plane at G. Tlie support is withdrawn. 
Find the motion, and show that when they are both hori- 
zontal the distance through which the centre of BO haa^ 
r moved horizontally i; 
mass AB 
;: X half the difference between the lengths. , 
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109. We have referred all the motions considered, to 
axes fixed in space, with the esception of those in Articles 
66 — 77, where the co-ordinate axes revolved ^vith the body. 
Some problems are aimpUfied by referring the motions to 
axes which move in a manner independent of the motion of 
the body, and we proceed to investigate a few of the principal 
formulie relating to such axes. 

110. When the co-ordinates of a point refen-ed to fixed 
ases are x, y, z, the velocities of the point parallel to these 

dy dz 
' di' di' 
axes are moving. 

Let l^, m,, n^ ; l^, m , n, ; l„ m^, n^ be the direction-cosines 
of the moving axes with reference to axes fixed in space ; let 
f, -rj, ^ be the co-ordinates of a point referred to the moving 
axes ; x,y, z the co-ordinates of the same point referred to 



axes are -j- , 



This will no longer be the case if the 









i^^i^. 



h7r^^y^ 
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by a reduction identical with that of Art. 7, if 0^, 0^, 6^ be 
taken to denote the angular velocities of the system of 
moving axes round the axes of x, y, z respectively. Now if 
we suppose the fixed axes so taken as to coincide at the 
instant with the moving axes, the above equation gives us 

that is the velocities parallel to the instantaneous positions 
of the moving axes are represented by 

S-^."-^^*?' 5l-^'f+^»^' f-^»f-^^.'" 

where 6^, 0^, 0^ are the angular velocities of the system of 
moving axes round lines which at any instant coincide with 
the moving axes, or, in other words, the angular velocities of 
the system round themselves. 

11].. We have shown in Art. 67 that if o), and co^ be angu- 
lar velocities of a rigid body round lines, one fixed in space and 
the other fixed in the body, which at any instant coincide, not 

only is co^ equal to g)„ which is obvious, but also -^^is equal 

Let 0)^, ft)y, o)^ be the angular velocities of the body at any 
instant round axes fixed in space, o)j, w^, co^ the angular 
velocities round axes which are themselves revolving with 
angular velocities 0^, 0^, 0^ about themselves, we have with 
the notation of the last article. 

Therefore 
c?o)^ , do) , dft) , d(o dl dL . dL 

by the same reduction as before, if <f>^, (f>^ be the angular 
velocities of the moving set of ^xes about the fixed axes of 



f 


Similarly 




da, 
dt 


-^, 






da, 

~di = 


da, 

IB 


-«, 


C7 


The student v 
in which case 


■iU see 

e 


that th 
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y and z. If now at the iusttint tie moving axes coincide with 
tlie fixed axes, 

da,_da, 



e include the result of Axt. 



112. The results of these two articles can be obtained 
geometrically more briefly- 
Let Pbe a point whose co-ordinates referred to the moving 

axes are at any instant f, 17, f. Let P' be its position aftera 
time U and let |^+Sf, tj + hi], 4+ Sif be the co-ordinates of F. 
Let P" be a point wboi'e co-ordinates refen^ed to the moving 
axes after the interval of time ht are f, 17, f. Then the pro- 
jection of PF on any line, as the axis of x in its original 
position, is the sum of the projections of PP' and P"P'. 
The projection of P"P' on this line is ultimately Sf, while 
that of PP", which is simply the dispiacement of a point 
moving rigidly connected with the axes, is by Art, 7, equal to 
(5,5"— ^jjj) ht. Hence the whole projection of PP' on the 
axis of X is ultimately h^ ■\- (5,f — B^rj) Si, and the velocity of 

P parallel to Ox is -^. + 8^^-6^^; similarly the velocities in 
the other directions can be obtained. 

We have seen in Art. 14 that all propositions about the 
composition of linear velocities parallel to given lines, hold 
also in regard to the composition of angular velocities about 
those lines, whence the results of Art. Ill follow from those 
of 110. 

113. The relations of Art, IH can be used to modify 
the equations of Art. 68 in one case of not infrequent occur- 
rence, nameiy, when two of the principal moments of inertia, 
as A and B, at the fixed point are equal. In this case 
the momental ellipsoid becomes a spheroid and any axis 
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whatever in the plane of AB is a principal axis. Tli« 
axes of A and B may therefore rotate in any manner in thej 
own plane without altering the conditions on which th< 
equations of Art. 68 are obtained. The only alterations i 
shall have to make, besides putting B = A, will be to i 

— B.tn, for -^' and ^ + 5,(i>, for -,.*, where 6, is 
* ^ at at " ' at * 

angular velocity of the axes of A and B round that of ( 
The equations of motion thns become 



^(t- 



(^-^.".)- 



' dt 



(A-C]^ 



-N. 



One assumption, sometimes advantageous, is that 9^ - 
Tile equations tlien reduce to 



- Co, 



= Jlf 



dt 
do,, 
" dl 

The discussion of the applications of the theory of movir^ 
axes ia however beyond the limits of an introductory treatise 
and must be sought for in the lai^r works on the subject. 

114. There are two classes of problems in which we do 
not require the complete solution of the equations of motion, 
but merely the determination of the values of certain quantities 
involved in them at certain times or under certain limitations 
Bs to magnitude : the problems of what are called " initi 
motions" and "small oscillations." 

115. Each of these classes will be best illustrated by t 
actual solution of a problem, and an exceedingly simple onj 
will do for the purpose. 



H MISCELLANEOUS PROBLEMS. 97 

Suppose a bar AB hangs horizontally, suspended by two 
equal vertical strings fastened to the ends. One of the 
Blrings is cut. It is required to find the instantaneous 
alteration in the tension of the other. 

In this case it is not difficult, and it may be useful to 
the student, to write down the equations of motion corre- 
sponding to the position at a time t after the string has been 
cut. 

Let then CA be the remaining string, of length I. Take 
C as origin, and horizontal and vertical lines through G 
as axes of x and y. Let the length of AB be la, its mass M, 
and JB, y the co-ordinates of its middle point. Let 9 and ^ 
be the inclinations of CA and AB respectively to the horizon. 
_Jjet T be the tension of A C. 




I 

P: 



mSCELlANEOrS PROBLEMS. 



One integral relation independent of T could be obi^ 
.tained by multiplying the first three equations by -37 , 

and -^ respectively ; adding the resulting equations, the c 

efficient of T would he found to vanish. This would give 1: 
the equation of energy. (Arts. 92—94.) 

To find another integral relation independent of T, s 
fecial artifice would have to be adopted. We do not how-J 
ever want to solve the problem completely but only to t 
cover the initial value of T. 

If we differentiate each of the equations (4) and (Sfl 
twice with respect to t, we obtain 
' ^^B ,.:_/,<^^ „.:„jt*'0 ,...nld^ 



^ = -Um5^-<zsm^^-icos5y-«cos.^(^^j, 



At the very beginning 

vanish, and 8 and 1^ have the values ^ and zero respectively. 

Therefore initially, that is, at the very instant when tht^ 
string is cut, 

de ~ dt'- dt' '"^ dt" 
Hence equations (1), (2) and (3) become 

From the last two of which 
^_ Mg Mg 



>ti9 



(Art. 41.) 



Hence since the tension of the string was -^ b 
\ other one was cut, it is diminLshed by one-half. 
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116. Any other similar problem can be treated in the 
same way. Tlie dynamical equations need however only be 
written down with the values of the right hand members in 
the initial positions. The geometrical equations must be 
written down for the general position and differentiated twice. 
In the results thus obtained the initial values of the geometri- 
cal quantities can be substituted, those of the first differential 
coefficients being zero. The second differential coefficients 
can then be eliminated between the geometrical and dynami- 
cal results and the initial values of the reactions and tensions 



^^vobtained. 
^^^^flyatem of 



117. The general equations of motion of a body or 
tern of bodies always contain the second differential 
coefficients of the quantities which serve to determine the 
position of the bodies. We may call these quantities the 
co-ordinates of the bodies. From the equations of motion we 
can deduce the values of these co-ordinates which correspond 
to the position of equilibrium, by equating the accelerations 
to zero. If we assume that the eo-ordinatea have values 
slightly differing from those which give equihhrium, we can 
obtain a series of differential equations of the second order, 
and linear as regards the increments of the co-ordinates, any 
term involving any one of them being expanded as far aa the 
first power of the increment. If between these equations we 
eliminate the unknown reactions, we shall arrive at a series 
of equations of the form 






. . + Xa; + /w;' + ■ , 



= 0, 



■ "Where x, x' are the increments of the independent quan- 
tities which determine the position of the body. If the 
solutions of these equations, of which the number is the 
same as that of the quantities to be determined, can be 
expressed in the form of sines or cosines of multiples of t 
without exponentials, then the motion is oscillatory, and the 
position of equilibrium is a stable one. If on the other hand 
the solution involves exponential functions of (, the values of 

x,x' may some, or all, of them increase indefinitely with 

t, and our supposition that they are small will be 
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In thia case the motion is not oscillatory and the equilibrium i 
is unstable. 



118, A single example will suffice. 

Two equal heavy rods AB, AC, each of mass M, hinged at J 
A rest symmetrically in a vertical plane over a smooth,! 
cylinder. It is required to find the position of equilibrium, J 
and the time of a small oscillation if displaced from thatl 
position. 

Y 

^^M Let the length of either rod be 2rt, and let c be the radius I 
of the cylinder. Let a horizontal and vertical line through 0, 
[he centre of the cylinder, in the plane of the rods be taken 
as axes ; let ar, y be the co-ordinates of the centre of inertia of 
ji5, and 5 the inclination of jlB to the horizon. Let .fibe the 
pressure of the cylinder on AB, and X the action of AC on 
AB which from considerations of symmetry we shall assume 
to be horizontal. Then for the motion of AB, by Art. 79, „ 
■e 




f^_ 



-Mg.. 



..(2). 



•■{3). 
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The geometrical conditiona give 

x^acosO (4), 

y = - — -^-asiad (5), 

■^ cos fl ^ ' 

GE=a~ ctan.e (6). 

The position of eijuilibrium is obtained by equating 

f to zero. We thus obtain, if a be the value of fl in this position, 
L eliminating R and X between (1) and (3), and substituting 
for QE its value from (6), 

~ = sin a. 

a Bin a 

Therefore a (1 — sin' a) = c tan a, 

a cos' a =csin a (7). 

119- If the rods be slightly displaced from this position i 
[ we may suppose that d=a + if>, where ^ is a small quantity 
L whose square and higher powers may be neglected. 

We have then from (4) and (5), 

x = a cos (a 4- 0) = a cos a — a sin a . t^, 
mby Taylors Theorem, 

a = — -. 7^ — a sin (at + d) = a sin a 

' cos (a + 0) \ > r/ cos a 



, /c ain a \ 1 

A — T a cos a ) I 

^ \ OS a / I 

- a sin a, by (7). 



Hence, to the order of appro siraation required, we have 
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Multiplying (1) by a sin ^ and subtracting from (3), X dis- 
appears, and we obtain 

Mil? -7-]j — asin 6-^] =i2(a — c tan ^ — a sin* ^) 

^R{a cos* ^ — c tan 6), 
or substituting the aj^roximate values 

M (i*+a*sin*a) -^ =5 (acos*a — c tana) 

— i2 ( 2a sin a cos a H =— )<& 

V cos'a/^ 

= - iZ (2a sin a cos a +— ^^j ^ (8) by (7). 

Also (2) gives 

= i2 cos a — ilfjjr — J2 sin a . ^. 



Hence 



cos a— 9 sm a cosa*- ^ ^ 



approximately. 

Substituting for 5 in (8), and neglecting squares and 
higher powers of ^, we obtain 

M{J<? + a* sin* a) -7?= — JSi^a [2 sin a + - — ] . ^. 

Therefore ^+ -^-|i^^^,^^^.<^ = 0..... (9). 

Thus the motion is oscillatory and the time of a complete 
small oscillation is 

^ /sin a (¥ 4- a* sin*a) 
V a^ (2 sin*a + 1) ' 

where a is determined in terms of a and c by (7). 

120. In the preceding problem there is only one inde- 
pendent co-ordinate to determine the position of the system. 
In such a case another method of arriving at the result is 
available. ' 



I 
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By multipljiog (1) by g, (2) by ^|, (3) by ^, and 

Iding we shall find that the coefScients of X and li on the 
right hand side vanish in virtue of (4), (5) and (6). Hence 
integrating, we obtain the eijuation of energy, namely 



I 



-jT , --t and y their values in terms 



and substituting in this for 
obtain 

sin=^ + ( "-li"; _ a cos BJ +lA ff^ 
C 



UE 

c 

_v _ r_c_ _ 
it ^{cosS 

If we denote the co-eiEcient of {-jr] by the symbol A 

and differentiate both sides of the equation with respect to 
we obtain 

^dA /de\' i^e ft sin 9 \ 

If we now suppose d to have a value a + 1^ where a is the 
same as before, and neglect squai'es and higher powers of ^ 

and consequently of ■-^, this equation gives, expanding the 
I light hand member by Taylor's Theorem, 

-,.,,,.. d'5 , (c (1 + sin'a) . ] 

(asma + i--)^ = -<7.^.|- ^^^,^— +,zsma| 

.^l+sin'a . N 
= ~ga.p [ — . hsmal 

, 2 siii'a + 1 

= -ga.<b r~ — 

" ^ sm a 

■^e same equation as before. 

The general theory of the small oscillations of a 
ligrstem of bodies when their positions depend on a large 
number of independent quantities, which involves the inveati- 



w 
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_ ition of the conditions of the stability or instability of equi- 
librium, ia beyond the scope of this treatise. The foregoing 
example will give the atuHent an idea of the method to be 
employed in the simple cases that are likely to come before him. 



1 

qui- 

oing 
) be 
him, _ 

lenoy ^M 

th^H 



122. It ia aometitnea required to inveatigate the tendency I 
to break at any point of a rod or wire in motion. We asaiimej 
that the student is familiar with the statical theorem thi 
the tendency to break at any point of euch a rod in eqia 
librium, is measured by the moment of all the forces whic 
act on the rod on either side of the point. "When the rod u( 
in motion we must introduce in addition to the impressed 
forces the reversed effective forces which, by D'Alembert's 
principle, form with the impressed forces a system in equi- 
librium. The tendency to break at any point will then be 
measured by the sum of the moments of all the impressed and 
revei'sed effective forces acting at points on one iside of the 
point considered. 

As an illustration we may take the following problem. 




A uniform rod AB moveable about one end A, falls &os| 

rest in a vertical position: it is required to find the tec 

to break at any point P of the rod when it is inclined at a 
angle to the vertical. 

By the equation (6) of Art. 52, we have 

J/ (a" + k') -j^ = llga sin B, 
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E 2o be the length of the rod, and k its radius of gyration ' 
■(bout its middle poiut. 

Also if Q be any point of the rod further from A than P, t 
i AQ = w, the effective forces on an element of the rod of ] 

aigthdu, aremiiu.iif-jT-) along QA, andmdu.u-r^ perpen- 
dicular to AB in the direction of $ increasing, vi being the 
mass of a unit of length of the rod. The former of these 
reversed has no moment round P; the moment of the latter 

teveraed round P is mdu , w -^ .{« — z), if AP = z. 

The moment of the weight of this same element round 
is mgdu .{u — z) sin d. 

Hence the whole tendency to break at P is measured by 

-ff(u~z) ^nBydu 



(f 5 (80' - 
"dt't^S 



ia_(lGa'_- 



dt' 

zV — mg sin fl ] — ^ (2a— z)z\-, 

1 1a}z + 2') 4a' — iaz + «*) 



0(a' + A;') 



4<,.''- 



- i az + £ 
~2 



fc» = |,byArt. 41, 
- ids' + ^^ 



= mg Bin a - 
ssMgand- 



It may be noticed that this expression vanishes, as of 
Brae it ought to do, at each end of the rod, and haa ita 

jatest value at a point for which z is -^ . 




(IOC) 



EXAMPLES. CHAPTER VIII. 

1. A horizontal rod of mass m and length 2a hangs by 
I two parallel strings of length 2a attached to its ends 
■.angular velocity to being suddenly communicated to it about 
\ vertical axis through ita centre, show that the initial in- 

eoftension of either string equals —^—1 and that the rod,] 



WynH rise through a space 



«» 



^^ tre 

I 



2. A parabolic lamina, cut off by a chord perpendicular 
to its axiri, is kept at rest in a horizontal position by three 
vertical strings fastened to the vertex and the two extremities 
of tlie chord ; if the string which is fastened to the vertex be 
cut, the tension of the others is suddenly decreased one-half. 

A uniform square lamina is supported in a horizont 
tsition by strings of equal length attached to opposite 
tremities of a diameter ; if one of the strings be cut, deti 
the instantaneous change of tension of the other. 

Two equal uniform rods, of length Sa, are joint 
together by a hinge at one extremity, their other extremities 
being connected by an inextensihle string of length %l. The 
system rests upon two smooth pegs in the same horizontai 
line, distant 2c from each other, if the string be cut, prov« 
that the initial angular acceleration of either rod will be 
Sa'c-Z' 



--SaW 



5. An equilateral triangle formed of three equal heai ^ 
uniform rods of length a, hinged together at their extremitiea,' 
is held in a vertical plane with oue side horizontal and the 
vertex downwards. If after falling through any height, the 
naiddle point of thi 



I 

eK*^H 
;ei^^H 

ies 
be 
tai 

IVl^^ 



3 upper r 



iuddenly stopped 



pulsive strains on the upper and lower hingi 
[ ratio of Vl3 to 1. 



vill be in i. 
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If the lower hiuge would just break if the system fell 
8" 
througli a lieight - 

V3' 
right angles. 

6, The upper extremity of a uniform beam, of length 
2a, is constrained to slide along a smooth horizontal rod 
without inertia, and the lower along a smooth vertical rod, 
through the upper extremity of which the horizontal rod 
passes ; the system rotates freely about the vertical rod ; 
prove that, if a be the inclination of the beam to the vertical 
when in a position of relative equilibrium, the angular velocity 

of the system will be [ — - ■ — ) ; and, if the beam be slightly 

displaced from this position, show that it will make small 
oscillations in the time 



7. A heavy uniform rod AB has its lower extremity A 
fixed to a vertical axis, and an elastic string connects B to 

another point C in the axis, such that AC= — - ; the whola 

is made to revolve round AG, with such angular velocity that 
the string is double its natural length and Iiorizontal when 
the system is in relative equilibrium, and then left to itself; 
if the rod be slightly displaced in a vertical plane, find the 
time of a vertical oscillation, the weight of the rod being suf- 
ficient to stretch the string to twice its length. 

8. A rod, which is the diameter of a circle, is capable of 
rotating in the plane of the circle about the centre; every 
particle of an arc of the circle subtending an angle 4-3 at the 
centre repels every particle of the rod with a force varying 
inversely as the square of the distance : if the rod be slightly 
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displaced from its position of stable equilibrium, prove tht 
the time of a small oscillation, for different values of a, varii 

\ am a j 

9. The middle point of a uniform rod is fixed midw^ 
I between two centres of force, which attract with a force v 
ing inversely as the square of the distance. Prove that tSl 
time of a small oscillation is 



7r(a' 



Wsum' 



I -where M is the mass of the rod, 2c its length, 2a the distanoB 
between the centres of force, and ^^ the attraction ( 
element &c of the rod at a distance r, 



10. The extremities of a uniform heavy rod of length 2ct 
slide upon two smooth wii-ea which form the upper sides of a 
square whose diagonal is vertical : prove that the time of a 
small oscillation is 



27r 



/4o 



Find the greatest angiJar velocity with which the squad, 
may be constrained to move about its vertical diagonal, wiUj 
out destroying the stability of the relative equilibrium of t 
rod when horizontal. 

11. A rough cylinder of radius a loaded so that its cents 
of gravity is at a distance h from its axis is placed on a b 
of n times its mass, which can move on a smooth horizontal 
plane. Find the time of an oscillation when the system is 
slightly disturbed from its position of stable equilibrium, and 
prove that if I be the length of the simple equivalent penduloi 

''-'■' + :;^(«-*>' 
where i is the radius of gyration of the cylinder about a ho* 
zontal axis through its centre of gravity. 
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1 2. An elastic string has its ends fasteucd to the ends of 
a rod of equal length. The middle point of the string is 
fastened, and at that point is placed a centre of force which 

repels every particle of the rod with a force = /j^^r^ ■ The 

rod is then moved parallel to itself through a distance equal 
to half its length. If in this position the elasticity of the 
string be such that the rod is in eqiiilibrium, show that if 
slightly displaced perpendicular to its length, the time of a 
small oscillation will be 



^V;: 



^ 13. A rod of length 2a and mass M is suspended by a 
weightless string of length 21 over two smooth pegs in the 
same horizontal hne, whose distance apart is 26, b being < a. 
When at rest in a horizontal position, it receives a blow Mv 
at one end in the direction of its length. Show that the 

initial velocity of the middle point of the string is v ^ — j- . 

14. A rod AB, of length 2a, is capable of motion in a 
vertical plane round its centre which is fixed. P and Q are 
two points vertically above and below and distant b from 
it. Two similar elaatic strings of equal natural length are 
fastened at P and Q and also to the end A of the rod. If 
the rod be pulled out of its position of equilibrium, and then 
let go, find the angular velocity in any subsequent position, 
supposing the string to remain stretched ail through the 
motion, and show that the time of a small oscillation is 

— — y^ — — , where m is the mass of the rod and \ the 
coefficient of elasticity. 

15. A wire in the form of the portion of the curve 
r = a{l + cos 6) cut off by the initial line rotates about the 
origin with angular velocity id-, show that the tendency to 

break at a point ^ = -^ is measured by -- ' . ■■ ■ Ts'a', where 



Try - 



in is the mass of a unit of length. 
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16. A wire is bent into a circular form and is placed witli 
the diameter through the crack A vertical, and the other ex- 
tremity B of this diameter is fixed : it is then made to rotate 
with an angular velocity o) about AB, Find the tendency to 
break at any point. 

17. A system consisting of two uniform rods AG, CB 
rigidly connected together at G, and at right angles, is whirled 
away in any manner on an infinite horizontal smooth plane, 
so that every point always touches the plane ; show that the 
tendency to break at any moment at G is proportional to 

GA\CE' 

CA^CB' 

18. The rigid body described in question 17 falls without 
rotation and strikes a smooth horizontal plane at J5 ; if there 
is no rotation produced by the impact, show that the inclina*^ 

tion of BG to the horizon is tan"* — ^r^a • 

AG^ 

Find in that case the impulsive breaking strain at G. 

19. A circular wire is revolving uniformly about its centre 
fixed. If it be cracked at any point, show that the tendency 
to break at an angular distance a from the crack is proper- 

tional tosin'^. 



ANSWEES TO EXAMPLES. 



CHAPTER I. 

•- 1. (0^14 round the line 6a? = - 3y = 2«. 
2. Use Art. 17. 

4. By example 2 : by changing the rotation to one round a 
parallel axis properly chosen the velocity perpendicular to the 
axis of rotation can be destroyed. 

5. The fixed point and line are in each case the focus and 
directrix of the parabola. 

« 

6. The focus of the parabola at each instant is the instan- 
taneous centre of rotation, the line itself is the tangent at the 
vertex. 

7. oo) parallel to one edge, a being the length of an edge. 

8. . Z tan"*- +mtan~*- +7itan-*- = 0, 

X y z 

where k = Jyz '\-zx-\- xy, 

9. Use last paragraph of Art. 3. Yes, — round a line perpen- 
dicular to each of the two straight lines. 



CHAPTER n. 



1. (a) The acceleration of the chain 

= •j-^ (sin a + sin j8) - sinjSv 5^, 
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where x is the length on the plane inclined at an angle a to the 

(Px 
horizon, and I its whole length. Equating this to -^ and integrating, 

the motion can be determined. 



(y) The motion is given by an equation 

d^x (^ x\ 



^%^ 



2. Backwards, for the centre of gravity must descend verti- 
cally. 

3. When the oarsmen move their bodies the boat must move 
in an opposite direction. The water opposes less resistance to a 
sudden rapid motion of the boat through it than to a slow one. 

4. Solve as a statical problem, applying tb each element of the 
rod a force mS« . ra? perpendicular to the axis of rotation* 



CHAPTER III. 

4 4 

T ^ -k" T T +7* 

3. (1) M- ^ ^- ; r^, r, being the radii vectores of the 

extremities. (2) M^-r^, 

^ ' 245 

4- (1) ^^;r^f- (2) AV^«'. (3) M^-^. 

^' To • (^ -^A'(l + itan'a). 

(3) ^%in»a(3 + |tan«a). 

8. — - sin* a (3 + I tan* a). 

6* + c* 

9. M —J — , the density being taken to be always the nume- 

7a* 
rical value of the given expression ; otherwise zero. 10. — '. 



^^H^ 11. The solid is produced by tiie revolution of the c 
^^B^a (1 +QO&0) i-ound tbe iuitiiil line. 



answehs to examples. 



Deduce from Art. 4C l>y Biniilar triangles 



Divide the tetrahedron into triani^ar alieea by planes 
pai-ullel tu the face opposite tbe given angle. To each of these 
slices upply the lesult of the last question. If A,, k^ h, be the 
perpendicular distances of the other thi-ee angular jiuints from the 
giren plane, the required moment 



" 10 '■ 



+V + A/., + V*, + A>,!. 



■ 14. Deduce from 13 by the help of Arts, 3:i and 3i. 

I-*). Take the given edge as axis of :, any point iu it an 
origin, and the plane through it and the middle point of tbo opposite 
edge aa plane of 23;. Tlie required condition is that the two oppo- 

r'te edges are mutually perpendicular. Use Example 14. 
IG. Una Esample U. 

IT, One axis will be the tangent to tbe base at the point 
required. By Example 7 calculate the princii>ol moments nt the 
centre of inertia, and by Art. 37 obtain the equation of the 
iaomentul ellipsoid at the point requii-ed. 



I4|lUUl^jlUtJ Gil 
I 18 aud 1 
I 22. Usi 



■2Mab 




The distance of each axis from the parallel one through - 
the centre of inertia oan be detenained in terms of the i-eqnired 
radius of gyiution. 
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i^ The equation of motion is 

/7t «\^'^ 'A ^ • zi . ngkc sin 

(kr + a) ^r-5 = —aa sin 0-ng, , — sin & + , ■■ — . 

^ Ut' ^ ^ h-c Jh'-\-c'^2hccos0 

/a* + k' 

Time of small oscillation = 27r ^ / -^ , since the terms with 

V ag 

n when expanded do not contain a lower power than $', 

5. The angular velocity of the rod and the linear velocity of 
the ball are reversed at each impact. 

6. Take T^, T^ as the tensions of the string at the two ends of 
the horizontal diameter and write down the equations of motion 
of the plate and the two portions of string separately. Eliminate 
T^ and T^ and integrate. 

7. The greatest angular velocity is produced when the tangen- 
tial action is just /u. times the normal action during each part of the 
impact. 



AW! "^^ 



impulsive tension = -^ 6 cos ^ / . ^> , 

^ ^/sj 6Y2 + 3cos^|j 

$ being the angle between the door and doorway when stopped. 
For the other results proceed as in Art 59. 

9. ^ 



10. By Art. 55 the co-tangent of the angle required, in any 
position, 

__ (^4- 3A') cot ^4- 7^' tan ^ 
3A« 

12. The motion is really one of rotation about the centre of 
the ring. 
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CHAPTER V. 

1. Use Art. 64, remembering that (0^= 0),= ; A' = E - C^ = 0, 
and B = M, — = — . 



2. If <^ be the angle which the plane through the instan- 
taneous axis and the principal axis of C makes with the plane 
of AC, 

it) 
tan c^ = - * , 

therefore -j- = cos </» . 



c?< dt 0),* -I- (Og" 

and use Art. 68. 

3. Differentiate 2w(y + 2^), &c., and use the formulae of 
Art. 7. The angular momenta are given in Art. 65. 

4. Take the equations of Art. 68, putting A=B: we easily 
get from the data 

where ^ is some constant. The equations give the values of 
»J<i}' + cog*" and 0)3 ; v ^1* "^ ^a* ~ ^ • ^* 

5. From Art. 68 we get, by integration and having regard to 
initial circumstances, 

^(il-^X-C(C-il)a>3» = 0, 

whence the result follows. 

6. Use the equations (1), (2), (3) of Art. 71, remembering that 
C^A + B. 

7. Take C as the mean axis, and use the equations of Arts. 74 
and 71. 

Since k* = Ch' it easily follows that the ratio of w,* to 0/ 
is constant; whence if/ is constant by (1) of Art. 74, and therefore 
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? also by (3), And by integrating (2) the result can be obtmnM 



¥■ 

^B dt 

^^^ To give tbe result in the question, C and B must be interchanj 
^^^k and G written for k' 

^^H cen 
^^ irh 



CHAPTER VI. 

Tbe blow must be applied at the point wbich would be tb^ 
centre of percussion if tbe axis were bxed. 

c bo the distance of the particle irorajixed axis, 

"" "A + M^' " A + Mx" 
-where M is mass of particle, v its velocity after impact, and lo, a 

jular velocities before and after impact; therefore v ' 
when Mx'—A, A being the monient of inertia of tbe 
about the fised axis. 



s given by 



ight, 2a the lengt 
L the hinge. 



3. The inclination of the rod to the horiz 
Ma sin 6 = M' {^t'^^<i'-i^ecmi 

I where M, M' are tbe masseB of tbe rod and m 
f of tbe rod, and C tbe distance of the pulley fro 

4. Use Art. 80. 

6. If ^, 9 be the inclinations to tbe vertical of tbe rod a 
the radius to the point at which the end of tbe rod is fastened, t 
satisfy tbe conditions 

. - „ . , i ,(^ tt, ■ .A/rf5\' iM'a'/d&\' 



'.eJ4 



= c-2m;j 



dt dt 
ons of motion of the disc and eac 



7. Write down the oquat: 
I rod separately. 

9. Take the acceleration of the centre of the ring along tbe 
tangent and normal to its path. If V, v be the velocitjes of this 
point at first and after a time (, u the Hngubir velocity after time (, 
and ^ the angle between the initial normal and that at time t, we • 
easily get v + <Uit= V, V = vt''*, as long as there is sliding. WhoQiJ 
perfect rolling begins v = a' 
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10. See Art. 81. 

11. Equations (1) and (2) of Art. 81 apply to the sphera 
Equations (3) require - yco and + arco for zero on the right-hand 
side, ct) being the angular velocity of the disc at the time. For 
the motion of the disc we have 

Whence can be obtained 

mk"(o + -^(^-r^-"y~^) = constant - mA; * O, ' 

and the result follows. 

12. See Arts. 85, 86 and also 95, 96 for the value of the 
vis viva. 

13. Take the equations of Articles 85 and 86 and suppose 

an additional friction = eFf, If v" be the resulting velocity pai*allel 

to the wall 

// /I .k'(v-\-a(jD) ^ ,- .^ V 

v" = v-{l+e) ^,^^, ~^ = v-^{l+e){v + aii>), 

and if the ball retraces its path, this - — ev, since u" = — cie. 
Hence 2a(i) = 5v, which is 5 F cos a. 

14. Additional frictions F^^ F^, parallel to Ox and Oy, must 
be introduced into the equations of Art. 85 at the point of contact 
of the ball with the table. The problem must first be solved for 
an inelastic ball. We finally get 

F, = -iiM{v + aw), i^, = ff Jf(t; + ao)): 

whence v" = v- (1 + 6). f (v + ao)), 

and equating this to — ev the result follows. 

15. If Xf y, z be the co-ordinates of the point of application 
of the blow, Z, Y, Z the components of the blow, the general con- 
dition for rolling is that 

<-f*^-)(v-')"-^(?-')<-^'*>''> 



..f>;f-)-.-(,.^)}+o, 
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which, putting 

/it = ^f and Ar = -v-, 
reduces to 

(£-i){(z..r»)(|-i)-5«^(x..r,)-^(i. 1)1^0. 

16. The motion of the centre of the sphere is all in one 
plane. The condition is that i? = 0. 

17. The condition is that F becomes equal to iiR. The 
equations for the cylinder and particle must be written down 
separately. 



CHAPTER VII. 

1. — ~"^ ^-P ^, O being the original angular 

velocity, and c the original distance of the particle from the fixed 
end of the tube. 

2. 2ailJ^, if O be the angular velocity, after the impulse 
between the rod and tube at starting has taken place. 

Q = ="2 if O' be the angular velocity of the tube before this impulse. 



3. The position of the insect, while on the disc, is determined 

4. The equation of conservation of moment of momentum 

gives Mk^ + mr^) -~ + mr^a = constant, 

at 

where <^ is the angle turned through by the disc. 
Also r* = a* cos 2a^. 

3v 

6. The angular velocity of each rod after the impulse = — . 
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7. The moment of momentum and the energy of the system 
remain unaltered. When the angle between the rods is greatest 

-77 = ^ , with a notation like that of Art. 105, which see. 
at at ' 

8. Compare Arts. 105 and 108. 

9. The energy and moment of momentum of the system 
are each constant. 

10. Compare 105 and Example 7. 

11. Compare 105 and 108. 

12. Compare 105 and Example 7. 

14. The blow will always pass through the instantaneous 
centre of rotation. See Art. 3. 

15. If Oy fji be the inclination of the rod to the vertical, and 
of the vertical plane through the rod to some fixed plane, the 
energy of the rod 



=*^-/{(D"*-'-<S)}. 



and the moment of its" momentum round a vertical axis 

The latter is constant and the former - C + Mga cos 6, When the 
rod makes the least angle with the vertical -n-^- 

16. Solve as 15 and find when -r- is a maximum. 

at 

17. Use Art. 64 to calculate the angular velocities produced, 
and Art. 96 to calculate the energy. 

18. The equations of motion of each rod are easily written 
down. The last result follows from the fact that the centre of 
inertia of the whole has no motion horizontally. 
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CHAPTER VIII. 

1. The centre of the rod rises vertically. There are thus two 
equations of motion, each involving T, The equation of energy 
will give the second result. 

2. Solve as in Art. 115. 

3. T becomes ^--- . 4. Treat as Art. 115. 

5. If X\ Y' be the horizontal and vertical components of the 
action at the upper hinge and X the action at the lower, which is 
evidently horizontal, we easily get 

whence the first result follows. 

7. The equations of motion are 

sin' T: = constant = - , 
at 2 

where and ^ are the usual angular co-ordinates of the rod, and 
whence 

IT 

and by differentiating and putting 6= -r + ij/ and then expanding 
the right-hand side to the first power of i/r so as to get an equation 
of the form A;* -^-A-'B^j the condition of relative eqidlibrium, 

which requires that ^ - 0, gives w* = — ^^^ , and the time of a 
small oscillation 



-'Vf-V^f- 



9 



The given geometrical condition shows that = -; in the 
position of relative equilibrium. 
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8. The poaition of stable equilibrium ia when the diameter ia 
perpendicular to the line bisecting the arc. The moment of 
the repulsive forc^ on the rod round the centre when the rod ia 
displaced by an afigle from tliia position is easily found to bo 



the general integral of this 



= /*log- 



'^d^ 



72 CO. 4^.1 



and taking this between the limita, and expanding ii 
the result follows. 



powers of $> 



In this and the following question the attraction of a particle 
on a rod must be remembered to be the same as that of the rod oa 
the particle, and to bisect the angle between the lines joining the 
ends of the rod to the particle. 



10, 



2a' 



The equation giving the ti 



lallo 



(aVA^„ 



~{ag-{a'-k^)J-\0, 



if S ia the inclination of the rod to the horizon. 

11. The centre of inertia of the whole system baa no horizon- 
tal motion. The equation of energy and the geometrical conditions 
will give the rest. 

12. The only motion to be considered ia that of the centre of 
inertia. 

13. The initial velocity of the rod ia tj along AB. Hence 

the velocity of either end of the string in the direction of its length 



H.MV(^\ =C + \[Ja' ■t-b'-2abwx0-Ja' + b' + 2,^^ 
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15. The tendency to break 

da 



= m I rw* . ;^ • a cos . d6. 



16. The tendency to break at a point at an angular distance 
a from B is 27»aV . cos*^ . 

17. The only effective forces reversed which have to be 
considered are forces mrw* on each particle from the centre of inertia 
outwards. The sum of the moments of all these on CA or CB, 
round C, will give the required result. 

18. The centre of inertia must be vertically above B, 

The force at C consists of a couple and a vertical force. The 
latter = /u. . CA . v and the former = fx . CA , CB . sin 0, where fx is the 
mass of a unit of length, v the velocity of the rods before impact, 
and 6 the inclination of CB to the horizon. 
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revised and enlarged. 3s. 6d. 

INTRODUCTORY TREATISE ON RIGID DYNAMICS. 

By W. STF-uiUiS Alois, M.A., Principal of the College of Physical 
Science, Ne«castle-on-T;ne. 

A COLLECTION OF PROBLEMS IN ELEMENTARY 

MECHANICS. By W. Walton, M.A., Fellow and AKaistant Tutor of 
Trinity Hall. 2nd edition, revieed. 6«. 

LONDON ; GEORGE BELL AND SONS, YORK STREET, 
COVENT GARDEN. 
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GEORGE BELL & SONS. 



FvU Catalogue! viUl be sentpaitfiec 



B1BLI0THECA CLASSICA. 



JBsohylus. By P. A. Foley, M.A. 18s. 

Oioero'a Orations. By 0. Long, M.A. Ivola. 16t., 14s.,16j„1-S». 

SemogtbeiieB, Bj P>. Wliiaton, U.A. 3 vola, IQs. each. 

Xiuipldes. By F. A. Pnley, M.A, 3 vols. ISs. each. 

Homer. By F. A. Paley, M.A. Vol. I. IB). ; VoL H. 14*. 

Hsrodotus. By Rev. J, W. BlakBBlej, B.D. 2 vols. 32,i. 

HeBiod. By F. A. Paloy, M.A. IOj. 6d. 

Horace. By Bev. A. J. Mudeane. M.A. IBs. 

JnTSCBl itnd Peraiua. By Bcv. A. J, Maclenjie, M.A. 12>. 

Plato. By W. B. Thompson, D.D. 3 vols. 7a. 6d. eacb. 

Sophoclea. Vol. I. By Itcv. F. H. Blaydea, M.A. 18s. 

Vol.11. Pliiloctetca. Eleetra. AJai and Truohiaiic. EyF. A, 

FulsT. M-A- ISj. 
TBoltUB : The Annals. By the Hov. P. Frost. Ids. 
Terence. By E, St. J, Parry, M.A. I83. 
"Vlrga By J. Conington, M.A. 3 vols. 111. each. 
An AUae of Claasioiil Geograph?; Twonty-fonr Maps. By W. 

Huglioa snd OeorffO Loug, M.A. How odition, with colonreJ ontliiiw. 
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Uni/urm with above. 
L Completo Latin Grcunmar. By J. W, DoaalJson, D.D. 3rJ 

GRAMMAR-SCHOOL CLASSICS. 

[ A Scries 0/ areek and LntinAultutrs.viilhEitgUfJiNoteii. Fcap.Bvo. 
: De Bello GaUico. By Qeorga Long, M.A. 5^. Zd, 
- BooiH I.-UI. For Jtmiot Ciasses. By G.Long, M.A. 2». Gd. 
■' "~ " Selected Poems. With Life. 



Geoiye Sell and Sons' 



Cloero: De Senectute, De Amicitii, and Select EpiBtlea. 

Gaoi-gc LoDB. M.A. 4j. fid. 
Cornelius Nepos. By Rev. J. F. Maomichael. 2j. Bd. 
Homer : Iliad. Books I.-XU. By F. A. Paley, M.A, 8i. M. 
Horaoo. With Lifo. By A. J. Macleane, M.A. Gj. Gd. [In 

a parts. St. ed. eaoh.) 
JuTenal ; Sisteec Satires. By H. Prior, M.A. is. dd. 
Martial; SelectEpigramH. WithLifo. ByF. A. Paley, M.A. Ci.Si. 
Ovid; tlioFaati. By F. A. Paley, M.A. Ss. 
BaJliiflt: Catilina and Jugurtha. With Life. By G. Long, M.A. £ 
Taoitua : Geimania and Agricola. By Hev. P. Frost. Hi. Cd. 
VlrBll: Bncolica, Goorgies, and ^neid, Books I.-IV. Abridged 

AIeu iu 9 eepsnta Volnine!, L'. Ed. saob. 
Zenophon: TheAnabasiB. With LUe. ByBev. J.F.Macmicliael. 5t. 

Alto id * «Darsto votiiides, Is. Orf. oncli. 

The CjTopnsdia. By G. M. Gorham, M.A. 6». 

Memorabilia. Bs' Percival Froat, M.A. 4i. 6rf. 

A Grammar- Soltool Atlas or Ctaaslcal Geography, contaiaiiig 

Ten QdDotad Mnpii. Imperial S>o. 5a. 

Unifomi viHh the Seriet. 

n Greek. With Engllsli Kotea, &<:. By 



CAMBRIDGE GREEK AND LATIN TEXTS. 

.fflaohylua. By F. A. Paloy, M.A. 3s. 

Ctoaar: De Bello GaUico. By G. Long, M.A. ^i. 

daero : Be Seneotute et de AmlclUa, et Eplstolaa Selectee. By 

G. Long. M.A. Is, ea. 
Clceronifl OraUonea. Vol, I. (m Ven'oxn.) BjG.Long.M.A. 3s.6ii. 
Euripides. By F. A. Paley, M.A. 3 sols. 3i. Gd. each. 
Herodotus. By J. G. Blakosley, B.D. 2 vols. 7a. 
Horoeri IliaB. I.-Xn. By F. A. Paley, M.A. 2s. Gil. 
Horatiua. By A. J. Maeleane, M.A. 2». 6;!. 
Juvenal et Persius. By A, J. Macleano, M.A. Is. 6i. 
Lucreliua. By H. A. J. Mmiro. M.A. 28. GJ. 
Sallusti Criapi Catilina eL Jugurtha. By G. Long, M.A. 1*. 6il. 
Sophoclea. By F. A. Paley, M.A. [In pie prtf", 

Tarenti ComtBdia. By W. Wagner, Ph.D. 3j. 
Ttinoydidea. By J. G. Uoualdaon, D.D. 2 TOla. 7<. 
VlrgliluH. By ,T. Couington, M.A. 3s. M. 

ZenophonllB SxpediUo OyrL By J- F. Macmichacl, B.A. 2i. M. 
NoTiun Testamsntum Orsaum. By V. H. Scrivener, M.A. 

ii. G:l. All Qdition nitli wiae TnargUi for ngtaB, luiU bouna, 12fc 
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CAMBRIDGE TEXTS WITH NOTES. 

A SeUetion 0} the imwt uiualty Tead 0} tlu Grtek and Latin Authori, 

AnnolaUd/or SchooU. Fcap. Bto. Is. SJ. each., icilh e.icf]itioiii. 
Euripldea. AloeBtis.— Modaa.— Hippoljtiia.— Hficalw.— Bacdiip. 

Ion. 2s. — Orestes. — PliociiisEfE. — Troniks. By F. A.Palcy, M.A, 
.SlsotayluB, PForaetheiiB Vlnctna. — Septem ooiitrti Thebae Aga- 

meninan. — PurHiu.— Euiuenides. Bj F. A. Puloj, U.A. 
Sopbooles. <EdipnB TyranDne. — lEilipns Coloneas. — Antigone. 

ByF. A-PttlBj, M.A. 
Homer. Iliad. Booli I. By F. A, PiUej, M.A. U. 
Cloero's De Sencotute— Do Amicitia and Epiatoln Scloctm. Dy 

G. Long, M.A. 
Ovid. Selections. By A. J. Mncleatie, M.A, 

Olhr.t in iPlMJWmlioi.. 

PUBLIC SCHOOL SERIES. 

.1 Serifs ofCUissical TtxU, aiiuolaltil by wdl-hioicu Scholar). O'. Sea. 

Arlat^pbaaea. Tim Feiioe. By F. A. Paley, M.A. 4f. M. 

The Achfttniaos. By F. A. Paloy, M.A. it. M. 

The PtogB, By F. A. PtJey, M.A. *«. 6d. 

Oioero. The Letters to Attious. Bk. I. By A. Pretor, M.A. 4it. 0<I. 
IJemoethensB de Falsa Legations. By B. Shilleto, M.A. 6s. 

The Law of Leptiuaa By B. W. Beatson, M.A. 3j. 61?. 

Plato. The Apology of Socratea and Crito. By W. Wagner, Ph.D. 

nthEditlan. 4a. 6d. 

The PhiPdo. 0th Edition. By W. Wagnor, Ph.D. 6s. 6.(. 

The ProtBgo»», 3rd Edition. By W. Wajta, M.A. 4<. 6if. 

. The Enthyphro. 3nd edition. By G. H. Wells. 3«. 

The Eothydemus. By G. H. Wella. i>. 

The llepublie. By G. H. WcIIb. [PiriKirh:^. 

Plautua. The Aululnria. By W.Wagner, PhJ3. 2naeaition. is.Bd. 

TriniimmuB. By W. Wagnat, Ph.D. 3nd edition. 4i. Gi 

The Menaeohmoi. By W. Wagner, PhJD. 4s. 6d. 

gopbooll« TrochiniEB. By A. PretDT, M.A. 4i. 6d. 
Tereooe. By W. Wagnar, Ph.D. lOi. Orf. 
Theooritna. By F. A. Paley, M.A. it. Gd. 

CRITICAL AND ANNOTATED EDITIONS. 

^tno. By H. A. J. Muuro. M.A. Sa. 6il. 

Ajiitophanla Commdia^. By n. A. Holden, LL.D. Sto. 3 ti>1s, 

23a. ad. PIftJB sold !r[iKnllflj, 

Paj. By F. A. Pnley. M.A. Fcap. Bro. ii. M. 

Cfttullua. By H. A. J. Miiuro, M.A. 7i. Crf. 

OorpnB Poatarum Catinorum. Edited by Walker. ItoI.Sto, 18». 
Horaos. Qninti Horatil Flncci Opei-a. By H, A. 3. Munro, M.A. 

Larg«B<o. II. U 
Llvy. The first fire Boots. By J. Prendeyille, ISmo. roan, Sa, 

"-"— "bL-III. 3i.«il. IT, and T. 3l M. 



4 Georgfi. Bi-U and Sons' 

IiUorstius. Iiti Lneretii Onri dp Beruni Nntiira Libri Sex. With 

a Tmulntion ud Nota. By H. A. J. Matiro, M.A, Svoli.SvB. TOl.I. 

Ttit. {KpwEditJou, PnjpiiriDg.) VtMI. Tmoilftltou, (Sold ncpftralelj.) 
Ovid. P.OridiiNaaoniaHeroideaSIV. EyA,Pukuer, M.A, Bro.6f. 
Proportiua. Sti Anielii Propertii Cannina. By F. A, PbIbj, M.A. 

Sro. Clotli, Bj. 
Sax. Propertii Eleglarnin. Lib.IT. ByA.Palraer. FcHp.Svo.e*. 
Sophocles. The Ajai. Ey C. E. Palmer, M.A. ii. 6d. 
Thuoydidea. Tbe HiHtor.v of the Peloponiiesian War. By Bioherd 

eMlletc, M.A. Book I, 8.O. ft.&i. lloultll. 8™. 5-. M. 

LATIN AND GREEK CLASS-BOOKS. 



LftUn Prose 



B J Prof. Chmoh, MX fitliEdit. Fcap.Svo. 



LckUn BzarolBea aud Grammnr Fapera. By T. Collius, U.A. 3rd 

Edition. Foap. 8to. St. fld. 
Daaeen Papera in Prose anil VerEc. With Esaminatien QucBlions. 

Bj-T. ColUii!, M.A. 2iid edition. Foap. 8vo. 2». iW. 
Analylioal Latin BxerciHes. By C.P.MaEou,B,A. SrdEdit. Bt.6d. 
BoalaGrffioa: aSerieBOfEleraentarr Greek EietuiHca. ByEey. J.W. 

Da.ii.i,M,A.,tuidB.W.Badd8ler,>l.A. Srf Kditioo. Fonp.Syo, Si. M. 
Greek Verse CotDpoBlUon. By 6. Preston, M. A, Crown Byo.4i.6J. 
Bv THE Rkt. p. Feobt, SLA., St. John's CoriEGK, CiMBEiDOE. 
EologSB LatinEe ; or, Firat Latiu BeadiDg-Book, with Englisli Notes 

au! a DictlDUry, Kcw Edition. Fcnp. Bco. £i. 6d. 
Uaterials for Latin Proae Compoaltioii. NQV/EditLoa. Fc4ip.8vo, 

A Latin Verse-Book. An lutrodiictoiy Work on Ifcxamctcrs aad 

Analects Q-rEeca Minora, with Introductory Sentenoes, English 

Kdtee.andaDIdtiuiiRry. N«w Edition. Fmp. Bro. 3>. 6d. 
Materials for Greek Prose Compoaltlon. New Sdit. Fcap. Svo. 

Si. 6d. Key, S.'!. 
Florllegium PoeUoum. Elegiac Extroota fiarn Ovid and TibuIIm. 

iSewKditioB. WithNotcB. Fqap. Sio, So. 

Bt the Rev. F. E. GnziiOK. 
A First diegue-book for Latin Verse-makers. U. &d. 
A Latin Version for Masters. 2>. 6d. 
Reddenda; or PnBBagea with Parallel Hiuts foi- Tiaii^lation into 

L»tin Prase and Vorse. Crown Svo. *<. «d. 
Boddenda Heddlta [see nest page). 

Bv H. A. Holhek, LL.r. 
Follormn Silvula. Part I. Paesagea for Tronalation into Latiu 

Eto^ao nod llaroio TsTBO. Mh Editiou. PostB^o, 7t.0d. 
Part II. Select Paasages for Translation into Latin Ljrio 

and CddId tambis Terse. 3rd Edition. Pott Svo. Si. 
- Fart m. Select Passages for Translation into Oreek Verse. 



■A Editii 



Post Svo 



Ediicationnl Works. 
Folia BilTulie, sivo Eclogre Poetarum Angliconim in Li 

Grwjiiio cullrErsai, Svo. Vnl. I. 10«. M. Vol. n. ISi. 

Poliorum Centurlse. Select PrifiEsgoa loc Tranalatioii ii 
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TRANSLATIONS, SELECTIONS, So. 

•.* Many of the following books arc well adapted for School Princs. 
JKaohjluH. Tranelated into English Proae by F. A. Paley, BI.A. 

!Dd Edition. Sro. 7!. Od. 
TraoHlnled into EngliBli Verse by Anni Swanwielt. Po.'it 

Std. 59, 

Folio Edition, with 33 Dlastrationa after Flnnuiin. 21. 2*. 

AnlhologlB Ortecft. A Selection of Clioioe Greek Poetry, witli Notee, 

Uj^'St, JuhnTbnckeTOT. *tl> and CTumpcr EdiUon. ISmo. it.ei. 
Antliolagla Iistlna. A Selection of Choice Latin Poetry, from 

NierinstnBDBtTiius.witliKoWs, By Hev. P. St. Join ThnckL-iij. HfltUijd 

and Clmapor Edition. ISuio. it.ei. 
Eoraoe, Tiie Odea and Cnrmen Beeciilare. In Englisii Verse by 

J. Coolngtan, M.A. Stlisditiou. IVsp. Svo. S>. 6d. 
The SatirpB and Epiatlee, In Enelish Vevaa hy J. Couiog- 

ton, U.A. 5tli edition. Ot-Oi. 
ninetralpd from Antique Gems by C. W. King, M.A. The 

but rsTimt nitb Intnidnatinii bj H. A. J. Uunro, U.A. Lues Std. II. li. 

Horace's Odea. Engliflhodandlmitatod byvaiionslianda, Edited 

bj C. W. F. Cooper. Crown 8.0. 6s. Od. 
UTIS9 EtonenBes, Bive Carminvm Etonie Conditorvm DelectvE. 

B J Riulaiird Okcfl. Bvols. Bvo. ISi. ' 

Propertlus. Verse tmnalntionB from Booh T., with revised Latin 

Teit. B; F. A. Paler, U.A. Fnp, Svo. 3a. 
Plato. Gorcias. TranalEtcdbjE. M. Cope, M.A. 8vo. 7(. 
PhilebuB. Trfln[atttedbyP.A.Pa]ey,M.A. SmnllSTo. 4j. 



Rcddenda BeddJta : Pasaagcs Erom English Poetry, with a. Latiu 

Ver™ Tranelntion. Bj F. E. Grotton. CromiBvo. fe 
SSibrlaai Corolla in hortulis Brgira Seholie Balopiensie contciuerunt 

tnHtirifloribnslBgaiidia. Bditio tortin. 8TO. 8i. flj, 
Sertum Carthuaianum Floribua trium Scenlomm Conteitnm. By 

W. H. BroBTi. 9to. 1*.. 
ThBooritus. In English Votae, by C. S. Oalverley. M.A. Crown 

Bro. [.Vent Kd.'(ij«, P,-rini-:,<i. 

TranalatloiiB into EugliaL and Latin. By C. B. Calvarley. M.A. 

PottSro. 7i. Sd. 
ByR. C.Jebb, M.A.; H. Jackson, M.A., nnd "W. E. Cutrey, 

U.A. Cnnra Sto. 81. 
into Oroek and Latin Verse. By B. C. Jobb. 4to. clolli 

Rflt. 10>. Sd. 
Between Whilea. Tranalaliona by B. H, Keiinciiy. Crown Svo. (J*. 



George Bell and Sons' 



REFERENCE VOLUMES. 

A Latin Gr&mmEir. B; Albert Hurknesa. Post 8vo. Gi. 

ByT.H. Key, M.A. 6 tli Thousand. Poet 8to. 8s, 

A Short Latin Grammar for SohoolB. By T. H. Key, M.A., 



The Theatre of tbe Qreeka. By J. W. Danaldaon, D.D. 

Eelghtlej's MftliologT of Greece and Italy. 4tb Edition, 
A Dictionary of Latin and Oreek Quotations. By H. T.'Bl 



A History of Bon 

tUoUnlveraltjol' 

Student's Quids 



m Uteratuie. By W. S. Tauffel, ProlasEOr at 
Ubingon. By W.Waenor.Ph.D. a yqIb. DemyBto. Klj. 
3 the Univerelty of Cambridge. '1th Editioa 
I. Part 1, Si. FU. 1 PnrU 2 to 8. li. each. 



CLASSICAL TABLES. 
J the Eev. P. Froat, M.A. 1 






Biohmond Rules for the Oildlaa BiaUoh, &a. By J. Tate, 
• MA i>. 
The Principles of Latin Syntax. I>. 
GraakVerha. A Catalogiio of Tiirbs, IrrcgnlarandL 

IWcsfor fm^at^ii DfteBaS *«■ Ao- Bjl. S. Srd, T.C.D."ij.'edr" 
Greek Aocents (Notes on). By A. Baiiy, D.D. New Edition. 1(. 
Homerio Dialeot. Its Leading Forms and Peculiarities. By J. 8. 

Greek Aocadenoe. By tiio Bov. P. Frost, M.A. New Edition. Ij. 



CAMBRIDGE MATHEMATICAL SERIES. 

Whitworth's Choice and Chance, Scd Edition. Crown Svo. 6». 
MoDowell's Exercises an Euolid and in Uodem Oeomatry. 

Vyvyan's Trigonometry. Sewed. 

Taylor's Geometry of Conica. Elementary. 3rd Edition. 4s. Gif. 

AldLi'3 Solid Geometry. 3rd Edition. Us. 

Garnett'B momentary Dynamioa. Qnd Edition. Ga. 

Haat, an Elementary Treatise. 3nd Edition. 3«. 6 J. 

Walton's Elementary Mechanioa (Problems 111). 9ndEdition, Gi, 




I 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elnntntary Tivatiais far the hsb of Sludeitts in tha 
Onivcriiliei, SchooU, and Candidates /or the Public 
Exatninations. Feap. Svo. 
ArithmeUo. By Hey. C. Elaee, M.A. Fcap. Sto. 1 Dili Edit. Si.M. 
Algebra. By the Itev. C. EUco, ll.A. Gth Edit, ii, 
ArithmeHo. By A. WriglBy, M.A. 3s. GJ, 

. — A ProRresHiTQ CourBB ol Eiamplea. With AiiHwora. By 

J. WBtson. SLA. Sth Edition. ar.M. 
Algeora. I'roerBSsivo Conrso oi Einraples. By Eer. W. F. 
U-M[e)iaf].U.A.,iuidB.PronilDSmitL,U.A. 2uJ Eililiun. Si.Bil. Witli 
Ausn-oi'!. i>.ai. 

Ey P. T. Main, M.A. 

Oonlo SectionH trentod Geometrically. By W. H. Besiuit, AI.A. 
«b Edition, ie. 6d, 

Elementary CoMo Seotiona treated Qeomutrically. By W. H. 
Bezant, M.A. [In (Ik Pnat. 

StatioB, EleraentRiy. By Key. H. Goodwin, D.D. Snd Edit. 8s. 

Hydroatatlos, Elementary. By W. H. Bceant, M.A. lOtliEdit. is. 

ManBuration, An ElemcDtoTf Treatise on. ByB.T.Maorc.M.A. Ha. 

Newton's PrlnolpU, The First Three SectioDs of, with an Appen- 
dix; and tha Hioth and Eleventh Eectiong. Bt J. H. Eriuu, U.A. Stb 
Edition, bj P. T. Main, M.A. t?. 

rrigonoma^. Elementary. By T. P. Hadaou, M.A. 3s. Cd. 

OptiOH, Geometrical. With Anawora. By W. S. Aldis, M.A 3s. 6d. 

Analytioal Geometry for Schools. ByT.G.Vyyyan. 3rd Edit. 4s. (Id. 

Qrsek Tsstataent. Companioa to the. By A. C. Burrett, A.M. 
4th Edition, rociecd, Fcnp. 8vo. b. 

Book or Conunon Prayer, An Historical and Explanatory Treatise 
on the. Bj W. O. Humphrj, B.D. Btli F4ition. Foup, Svo. 4>. Bd. 

Uu^, Text-book of. By H. C. Banister. Oth Edit, revised. Ss. 

Concise History of. By Roy. H. G. Bonayia Hunt, B. Mua. 



ARITHMETIC AND ALGEBRA. 

Set foregoing Series. 

GEOMETRY AND EUCLID. 

By T. S. Aldifl, M.A. Small 8to, 
11.2s. 
The Elemenb! of EuoUd. By H. ,1. Hose. Fcnp. 8yo. 4t. Gd. 



8 Gcoi-<jc Bdl and Sous' 

The SSnmioiaUoiis and £igiu:ea to Euclid's SlementB. Sy Bcv. 

J, UrasM, D.D. NewFidlUon. rom.Gto. Ij, On Cnidc. in cbb«, St Or). 

Wttlioat the. FignrDS, ftL 
Bzercises on Sualid snd in TJodem Oeometry. B;J. McDovell, 

EA. Ci-owu8to. 3nlF-iiliunrovi4ea. 6.1 
Qeometrical Conic Sectioua. Bj W. U. Besant, M.A. 4th Edit. 

? W. H. BeSttnt, 
[in Ihit Pnu. 
EleiEsiitary aeoraetryoICanita. By C. Taylor, M.A. Mid Edit 

BvD. -UGJ. 
An Introduction to Ancient and Modem Geometr? of Conlca. 

Bt U, Tnjloi-, M.A. B-o. ISC'. 
SoluHoiia of Geonie'rlcal Pvotlems, proyiosed nt SI. Jolm'a 

TRIGONOMETRY. 

Trigonometry, InttoJuclion io Plniic. By Ear. T. Cr. Tj-ryan, 

Clinrtdrhun!C. CV. 8io. Bc^weil. 
Elementary Trigonometry. By T. P. Hudsoa, M.A. 3j. 6d. 
Aa Elementary Treatise on MenaaraUon. By B, T, Uoore, 



ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Oeometry, By W. P. 

TaruljuU. M.A. Bvo. IZh. 
ProblemB on the Prindplea of Plans Co-ordinate Qeometiy. 

Trilinear Co-crdlnatea, and Modem AnaJyticaJ Geometry oi 
Two DimomioiiB. I^ W. A. Wiitworth, M.A. 8vo. 16». 

An Blem-BBtary Traatiae on Solid Geometry. By W. S. Aldis, 
M.A. !nd Edition rcTiisd. Bvo. St. 

Elementary TreaUEe oit the Di^rential Calculus. By M. 
O'Rrien, M.A. 8ro. 10s. &i. 

EJliptto FunotioDB, Elementary Treatlsa on. By A. Cojley, M.A. 



MECHANICS 8i NATURAL PHILOSOPHY. 

StatioB, Elementary. By H, Goodwm, D.D. Fcap. 8vo. Bed 

Dynamica, A Traatisa on Elementary. By W. Garnett, JI.A. 

2Dd Eaitlou. Crown Bto. Bs. 
Elementary Meohanica, Problems in. By W. ■^'altoii, M.A. Kew 

ICditiDU. Crown Bid. <Ih, 
Theoretical MeohanioB, Prolilcma in. By W, Walton. 9nd Edit. 




HydroatQtlca. 2y"\V.H.Bosaut,M.A. Ftsap.Syo. lOtliEdition. it. 
HydtomechsmlcB, A Trantiao on. By W. H. Besaiit. M.A. 8vo. 

Ke» EdiUon riKunl. lOi. 6if. 
Dynamics of nPartiolo, A Treatise on tho. By W-H-Bommt, M.A. 
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Usat, Au Elementary TrcatiEO oi 



y W. Gamett, Ht,A. Cio 



Kewton'a Prinoiplft, The Firet Tluco Sections of, with an Arpen 
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Lfectaanlos of ConstraoUon. With 1 

B. FeuKii:!:. V.E.i.a. Bvo i;^. 
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Belccted f mm tbo iibovo. Now Edition. Imporiol Svo. Ss. 

First Claaaloal Mapa. By tho Bev. 1. Tate. M.A. 3rd Edition. 
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Etymologioal Glossary of nearly 2500 English Wonia de- 
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llhE-lition.iTvi^d. Fciip, 8i-0. S». 
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LL.D. New and Cheap Eilltloa. CrownS.o. 10>. eJ. 
A Manual or tha Ronum OlTJl Law. Bj O. Lcapingwell, LL.D. 
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BiBlefeU. :ird Eilitioti. i^.ail. 
Charles XII,, par Voltaire. By L. Diroy. 4tli Edition. 3». M. 
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ClapinnmdP. UoIlMOller. 2nrl CilMpn. Foip. Kb. Bd. 
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A Brief HiBtory of the English Language. By Prof. Jas. Hadliy, 
By E. Adflma, PhJ). 
aad AnalyaiB. By 



The Blements of the English Language. 

ISth Bdltion. Post Srd. 49. Ad. 
The Rudimenta of English Grammar 
B. Adnma, Plj.D. Sth Edition. Fcap. Svn. 2s. 
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Tbo Blank Maps done n^} saparatel;, Mo. 3s. oolonreil. 
IiOudon's (Mrs.) Entertaining Naturalist Hew Edition. Reiised 
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Southey's Life of Nelson. (Abridged.) Is. 
Grimm's German Tales. (Selected.) By E. Bell, M.A. Is. 
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